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Abstract— Piezoelectric actuators (PEAs) can provide pre-
cision motion with fast response dynamics, large mechanical
force, and high resolution. However, the strong hysteresis
nonlinearity limits its application. In the last decades, lots
of efforts on hysteresis cancellation have been made. Recent
review articles have already described the progress of different
hysteresis modeling and control approaches, but these articles
focused mainly on the qualitative analysis of different models.
This paper presents a comparison with both qualitative and
quantitative analysis of these hysteresis models with the Ham-
merstein structure, including the differential-based models: a)
Bouc-Wen (BW) and b) Asymmetrical BW (ABW) and the
operator-based models: a) Prandtl-Ishlinskii (PI), b) PI with
delay operators (DPI) and c) PI with polynomial (PPI). This
paper presents an intuitive comparison of the characteristics
of typical hysteresis models and detailed guidance to build a
hysteresis model for the designers.

I. INTRODUCTION

Piezoelectric actuators (PEAs) have been playing crucial
roles in precision engineering due to the excellent advantages
of fast response dynamics, large mechanical force, and high
resolution. However, PEAs show strong hysteresis nonlin-
earity in practice, which affects the actuating accuracy [1],
[2]. To improve the performance of PEAs, lots of efforts
on hysteresis cancellation have been made, which can be
roughly classified into two categories as: i) feedback control
without hysteresis and ii) feedforward control with hysteresis
model. Feedback control treats the nonlinearities as unmod-
elled dynamics or unknown disturbances [1]. Some modern
control techniques such as repetitive control [3], damping
control [4], [5] and sliding mode control [6], [7] are designed
for PEAs in recent years. It succeeds in rejecting external
disturbance, but the disadvantages of feedback control are
also distinct, such as the negative influence of the sensor
noise and disturbances to the entire system, the difficulty of
the integration of the bulky sensors in such small systems
like PEAs and so on [8], [9]. Therefore, feedforward control
with the hysteresis model has been used as an alternative to
achieve satisfactory results.

Feedforward control, control laws of which are derived
based on the hysteresis models, has been developed to
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compensate for the hysteresis nonlinearities over the past
decades. Thanks to the previous works of hysteresis model-
ing which are relatively mature, feedforward control of PEAs
becomes more and more effective under different working
conditions.

Conventional feedforward controller scheme is performed
based on the inverse model [1], [2], [10]. This method is
applied with two steps to design the feedforward controller.
The first one is to build a precise hysteresis model character-
izing the hysteresis behaviors. The second one is to obtain
the corresponding inverse hysteresis model [2]. Despite the
fact that this approach has been widely used with different
kinds of hysteresis models, like Preisach model [11], [12],
[13], [14], Prandtl-Ishlinskii (PI) model[15], [16], [17] and
the modified versions of them [18], [19], [20], [21], the
process of parameter identification and inversion calculation
is always complex and challengeable. The inverse models are
also sometimes inaccurate and fail to satisfy the constraint
conditions. Moreover, it’s proved to be hard to do inversion
on some models like Bouc-Wen (BW) model [22], [23], [24],
Krasnosel’skii–Pokrovkii (KP) model [25], [26], Maxwell
model [27], [28] and Duhem model [29], [30], [31], which
limits the validation of the approach [2].

In order to minimize the complexity of the above ap-
proach, some new methods based on the direct inverse
hysteresis compensation concept [10] are developed. These
methods directly utilize the available hysteresis models to
describe the inverse hysteresis effect rather than modeling
the hysteresis effect [9], [32], [33]. Without the process of
building an inverse model, direct inverse hysteresis com-
pensation meets the demand of more complicated modeling
[34], [35], [36], [37]. Among them, the feedforward compen-
sator with multiplicative-inverse structure (FFCMIS) is worth
mentioning[8], [38], which is shown in Fig. 1. FFCMIS
simplifies the feedforward compensation because it directly
uses the hysteresis model for the compensator without any
inversion calculation. Different hysteresis models own dif-
ferent forms of FFCMISs. There exist two FFCMISs which
are respectively corresponding to the BW and PI. It should
be noted that this method is only adaptive with static/ quasi-
static conditions which are dependent on the feedforward
controller design.

When it comes to rate-dependent hysteresis modeling,
Hammerstein structure is a common approach. Cascading
hysteresis nonlinearity with linear dynamics, the structure is
proved effective to describe rate-dependent hysteresis [39],
[40], [41]. In the system, the hysteresis nonlinearity is a static
part that is available for the use of the FFCMIS.
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(a) BW with multiplicative-inverse structure

(b) PI with multiplicative-inverse structure

Fig. 1. multiplicative-inverse structure for PEAs (yd denotes the desired
command; u denotes the output of the designed controller; y denotes the
actual reponse of the PEA).

However, in the previous literature, most of the FFCMISs
are applied to the models directly describing the hysteresis,
while the research on combining the Hammerstein struc-
ture with FFCMISs is limited so whether the FFCMIS is
feasible to Hammerstein structure remains to be verified.
Meanwhile, The comparison of several hysteresis models
with the Hammerstein structure is also waiting to be done.
Recent review articles have already described the progress
of different hysteresis modeling and control approaches [1],
[2], [10] for PEAs. But these articles focused mainly on the
qualitative analysis of different models, including a) rate-
dependent or not; b) difficulty in inversion calculation; c)
Identification process. The quantitative analysis of hysteresis
models with the Hammerstein structure owns the ability to
intuitively analyze the characteristics of the models.

This paper is motivated to do the recurrence of Hammer-
stein structure with the several common hysteresis models,
including the differential-based models: a) BW and b) Asym-
metrical BW (ABW) and the operator-based models: a) PI,
b) PI with delay operators (DPI) and c) PI with polynomial
(PPI). On the basis of this, a comparison with both qualitative
and quantitative analysis of these hysteresis models with
the Hammerstein structure is made. This paper not only
presents an intuitive comparison for the designers with the
characteristics of typical hysteresis models, but also detailed
guidance is provided to build the hysteresis models for a
PEA.

II. INTRODUCTION OF HYSTERESIS MODELS

A. Differential-based Models

Bouc-Wen model (BW) has been extensively applied in
piezoelectric hysteresis modeling, the nonlinear part of which
is a nonlinear differential equation form with a few param-
eters. Its mathematical expression is as follows [8]:{

y(t) = g(t) + h(t)
g(t) = kv(t)

(1)

ḣ(t) = αv̇(t)− β|v̇(t)||h(t)|nh(t)− γv̇(t)|h(t)|n (2)

where g(t) and h(t) are both the functions of input voltage
v(t), k is a linear gain and y(t) denotes the output dis-
placement. ḣ(t) is the derivative of h(t), v(t) and v̇(t) are,
respectively, the applied input excitation and its derivative
with respect to time, and α, β, γ, n are the model parameters.
The coefficient α controls the amplitude of the hysteresis
loop, while β, γ control the shape of the hysteresis loop and
n controls the smoothness of the transition from elastic to
plastic response [42]. Because of the elastic structure and
material of piezoelectric ceramics, n is generally admitted
to describe the hysteresis of PEAs [44], [45], [46].

The BW model can only describe the symmetrical hys-
teresis loop which differs from the fact that the hysteresis
loop will be asymmetrical in different working conditions
in practice. Hence, the BW model is modified with an
asymmetrical operator δu(t)sign[u̇(t)] [47], here the δ is the
asymmetrical factor. The Asymmetrical BW model(ABW) is
modified as follows:

ḣ(t) = αu̇(t)− β|u̇(t)|h(t)|n−1h(t)− γu̇(t)|h(t)|n
+δu(t)sign[u̇(t)]

(3)

B. Operator-based Models

Prandtl-Ishlinskii model (PI) integrates a series of backlash
operators Hr with different thresholds r, with different
weights to describe the hysteresis nonlinear phenomenon of
PEAs. When an input u(t) ∈ C[0, T ] which means u(t) is a
continuous function on the time interval [0, T ], is applied to
PEAs, the output of the PI is given by the formula

Y [u](t) = w0u(t) +
n∑

i=1

wiHri[u](t) (4)

i = 1, 2, ..., n, where n represents the number of backlash
operators, wi means the weights of each operator, and ri are
positive thresholds. Backlash operators Hr can be described
in the following formula

Hri[u](t) = max(u(t)− ri,min(u(t)+ ri, Hri[u](t− ts)))
(5)

ts means the sampling period. The fact that real actuator
hysteretic loops sometimes are not symmetric is mentioned
above, previous works [9], [48], [49] also modified the PI
model into an asymmetric one. The first common approach is
adding a polynomial operator v(t) with only odd powers with
the PI model, the polynomial operator is shown as follows:

v(t) = P [u](t) = c1u(t) + c3u
3(t) + · · ·+ cmum(t) (6)
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Here, ci(i = 1, 3, · · · , 2k− 1) are the constants to be identi-
fied, m = 1, 3, 5, · · · , 2k − 1 is the order of the polynomial.
Previous works have mentioned that the 3-order polynomial
operator is accurate enough to describe the asymmetric loop
so that the modified PI model with polynomial operator is:

Y [u](t) = c1u(t)
3 + c2u(t) +

n∑
i=1

wiHri [u](t) (7)

where c1, c2 are the weight parameters of the polynomial
operator.

The second common approach is cascading the PI model
with one-sided dead-zone operators (delay operators), the
dead-zone operators Sd[y](t) is shown as follows [49]:

Sd[y](t) =

{
max{y(t)− d, 0}, d > 0
y(t), d = 0

(8)

d is the threshold of the one-sided dead-zone operator, y(t)
is the input of the operator. Then the output of one-sided
dead-zone operators z(t) can be given:

z(t) =

k∑
i=1

wskSdk
[y](t) (9)

Here ws is the weight of each one-sided dead-zone operator,
and k is the number of one-sided dead-zone operators.

Based on the formula of the one-sided dead-zone operator,
the modified PI model with one-sided dead-zone operators
(DPI) can be given:

Y [u](t) =

m∑
k=1

wskSdk

{
n∑

i=1

wiHri [u](t)

}
(10)

Here ws is the weight of each one-sided dead-zone operator,
w is the weight of each backlash operator, k is the number of
one-sided dead-zone operators, n is the number of backlash
operators, and Y [u](t) is the output of the DPI.

C. Hammerstein Structure

The Hammerstein structure shown in Fig. 2, cascades the
static hysteresis nonlinearity with linear dynamics to model
the rate-dependent hysteresis of PEAs. This structure divides

H(·)

Hysteresis Model

G

Linear Dynamics

Input u(t) Output x(t)

Piezoelectic Actuator

Fig. 2. Hammerstein structure

the model of PEAs into two parts. In practice, the part of
linear dynamics is first gained through the step response of
PEAs. On the basis of linear dynamics, the parameters of
static hysteresis models can be identified with the data of
the open-loop test.

III. COMPARATIVE RESULTS OF DIFFERENT HYSTERESIS
MODELS UNDER LOW INPUT VOLTAGE

In the following sections, the open-loop data are collected
from a customized piezoelectric actuator [50]. The hysteresis
models are built in the Matlab/Simulink environment, then
comparisons are made through the experimental and simula-
tion results.

A. Comparison of Differential-based Models with Hammer-
stein Structure

This paper first compares the modeling accuracy of
differential-based models with the Hammerstein structure,
including BW and ABW. The input signal is a sinusoidal
signal of different frequencies (1-100Hz), and the amplitude
of the voltage is 0-50v. Fig. 3 shows the comparison results
of BW and ABW. The first and the second row (Fig. 3 (a-f))
are the simulation results of BW and ABW (1-50-100Hz).
The third row (Fig. 3 (g-i)) shows the two models’ errors. It
should be mentioned first that the simulation data is recorded
from the second half of the first period to the first part
of the second period, which is the stable period of PEAs.
Hence, the maximum output of PEAs (upper-right corner of
the hysteresis loop) corresponds with the beginning and the
end of the simulation data.

With Fig. 3, conclusions can be drawn that:
a) Both BW and ABW can simulate static hysteresis at

1Hz.
b) Neither BW nor ABW with Hammerstein structure can

describe the rotation of the hysteresis loop, which is caused
by the rate-dependent decrease of a maximum output of
PEAs.

c) Simulation error of BW and ABW is extremely obvious
at the maximum output of PEAs which increases with rate.

Fig. 3. Comparison of BW and ABW under 50V

B. Comparison of Operator-based Models with Hammer-
stein Structure

This paper then compares the modeling accuracy of
operator-based models with the Hammerstein structure, in-
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cluding the PI, DPI, and PPI. The conditions of the input
signal are the same as before. As shown in Fig. 4, conclu-
sions can be drawn that:

a) The PI, DPI, and PPI can simulate the static hysteresis
at 1Hz.

b) The Hammerstein structure with the three models also
failed to describe the rotation of the hysteresis loop.

c) Simulation errors of the PI, PPI, and DPI are extremely
obvious at the maximum output of PEAs which increases
with the rate.

Fig. 4. Comparison of the PI, DPI, and PPI under 50V

Except for the three conclusions, it can also be observed
that the operator-based models’ accuracy is higher than the
differential-based models’ in static conditions. However, the
difference in accuracy is eliminated with the negative influ-
ence of Hammerstein’s structure. The accuracy of different
hysteresis models is evaluated through the Root-mean-square
error (RMSE) between the reference got from the open-loop
test and the simulation, shown in Table I.

TABLE I
RMSE(µm) OF DIFFERENT HYSTERESIS MODELS

Hysteresis model RMSE(1Hz) RMSE(50Hz) RMSE(100Hz)

BW 0.113 0.157 0.254
ABW 0.0923 0.157 0.254
PI 0.030 0.213 0.324
DPI 0.037 0.208 0.318
PPI 0.037 0.217 0.328

Hence, the Hammerstein structure has the disadvantage
that it cannot simulate hysteresis rotation. Moreover, due
to the rate-dependent property, hysteresis rotation becomes
more obvious with the increase of the rate so that the
modeling error becomes larger.

IV. COMPARATIVE RESULTS OF DIFFERENT HYSTERESIS
MODELS UNDER HIGH INPUT VOLTAGE

To further verify the accuracy evaluation of different mod-
els, the open-loop experiment of different working conditions

under high input voltage is also conducted. The input signal
is still the sinusoidal signal of different frequencies (1-
100Hz), but the amplitude of the voltage is 0-140v. With
the higher amplitude of input voltage, the PEAs will show
the strong characteristics of asymmetry and saturation, which
can be seen from Fig. 5. It should be mentioned that when
the asymmetric hysteresis loop needs to be modeled, the
asymmetric hysteresis model will take effect. The first row of
Fig. 5 shows the PI while the second row shows the DPI and
the third row is the error of the two models. Here, the RMS
errors along with the NRMS errors within parentheses of the
PI and DPI are calculated. At 1 Hz, 50 Hz and 100 Hz, the
values of the PI are 0.76 µm (3.26%), 0.88 µm (3.34%) and
0.97 µm (3.97%) respectively. In contrast, the values of the
DPI are 0.13 µm (0.54%), 0.52 µm (1.63%), 0.13µm (3.29%)
and 0.68 µm (2.2%) respectively. Hence, it can be concluded
that:

a) The PI fails to simulate the asymmetric hysteresis loop.
b) With the delay operators, the DPI can simulate the static

asymmetric hysteresis loop at 1Hz.
c) The Hammerstein structure with the DPI fails to de-

scribe the rotation of the hysteresis loop. The simulation
errors of the DPI are extremely obvious at the maximum
output of PEAs which increases with the rate.

Fig. 5. Comparison of the PI and DPI under 140V

In addition, both the BW and ABW fail to describe the
asymmetric hysteresis loop under 140V. The modeling results
of the ABW can be seen in Fig. 6. The reason for the
failure of ABW’s validation is that: As shown in Fig. 6,
the ascending curve of the asymmetric hysteresis loop is
concave first and then convex. Even if ABW is a modified
BW considering the asymmetry of the hysteresis loop, the
ascending curves of ABW are always concave, which is
different from the real asymmetric hysteresis loop.

To further explain the ABW’s failure to simulate the
asymmetric hysteresis loop under 140V, each parameter of
ABW was studied through the control variate method. The
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Fig. 6. ABW under 140V

initial parameter of [α, β, γ, δ] is [-0.3,0.0025,0.002,0.18].
The results are shown in Fig. 7. It can be concluded that:

a) If choose α as a variable, when it gradually increases,
the amplitude of the hysteresis loop also increases, but the
shape of the two vertices of the hysteresis loop does not
change.

b) β and γ will change the shape of the hysteresis loop,
but the simulated ascending curve keeps concave.

c) δ can describe the asymmetric properties of the loop,
but it only changes the concavity and convexity of the
descending curve.

V. CONCLUSIONS

This paper presents a comparison of hysteresis models
with the Hammerstein structure with both qualitative and
quantitative analysis, including the differential-based models:
a) Bouc-Wen (BW) and b) Asymmetrical BW (ABW) and
the operator-based models: a) Prandtl-Ishlinskii (PI), b) PI
with delay operators (DPI) and c) PI with polynomial (PPI).
The characteristics of the typical models under low input
voltages and high input voltages are studied in depth based
on a customized PEA platform. This paper presents an intu-
itive comparison of the characteristics of typical hysteresis
models and detailed guidance to build a hysteresis model for
the designers. It is found that most of the models with the
Hammerstein structure can describe the asymmetric hystere-
sis precisely, however, the hysteresis rotation phenomenon
especially in high frequency needs to be investigated further.
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