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PRECISION CONTOUR TRACKING

USING FEEDBACK-FEEDFORWARD

INTEGRATED CONTROL FOR A 2-DOF

MANIPULATION SYSTEM
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Abstract

This paper presents a novel approach for precision contour tracking

through combining feedback PID and feedforward position domain

ILC (PDILC) control for a multi-axis manipulation system. Tra-

ditional control approaches in time domain suffer from poor syn-

chronization of relevant motion axes and result in restriction for

contour tracking tasks. In the proposed PID & PDILC design,

a 2-DOF system is treated as a master–slave cooperative motion

system. The position information of the master motion axis is

integrated into the PDILC controller of the slave motion axes, which

makes the PDILC learn from contour errors instead of individual

axis errors. The selection and tuning of parameters for the PID

and PDILC were conducted based on the computation in a lifted

matrix format of the stability and convergence conditions. The

performance of the PID & PDILC controller was evaluated by

comparisons with PID and cross-coupled ILC controller through

experiments on a multi-axis precise positioning stage. The proposed

PID & PDILC design enhances the precision contour tracking of the

testbed.
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1. Introduction

Contour tracking is one of the most common control prob-
lems in multi-axis industrial manipulators and robots. The
motion precision depends on both individual axis posi-
tioning accuracy and contour tracking error [1]. In many
control applications, such as welding, assembling, scanning
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and manufacturing, contour error, rather than the individ-
ual axis positioning error, is the prime concern, although
the latter is usually given as the specification of some com-
puterized numerical control systems [2]. In some cases,
each motion axis of a multi-input multi-output system is
controlled by a separate control loop. A great deal of
efforts concerning feedback and feedforward control algo-
rithm, such as PID control [3], robust control [4], iterative
learning control [5], predictive control [6] and master–slave
control [7], were presented and implemented.

Individual axis control may bring a good tracking per-
formance of each axis, however, it does not guarantee a
reduction of contour errors for a multi-axis motion sys-
tem, as poor synchronization of relevant motion axes may
result in a diminished accuracy of the contour tracking.
To improve the performance of contoured trajectories and
maintain symmetry in the system, the cross-coupled con-
trol (CCC) was proposed by Koren in [8]. Although CCC
has been applied to multi-axis motions [9], it still has some
limitations. One of the difficulties in implementing CCC
is determining the cross-coupling gains. Any inaccuracy
in the determination of coupling gains is amplified to the
control signal and results in a decreased contour perfor-
mance [10]. Therefore, CCC needs an efficient algorithm to
determine the variable gains of arbitrary contours because
the gains are dependent on the contour trajectory in real
time.

Being different from the CCC technique, Ouyang et al.
developed a position domain PD type feedback controller
for contour tracking in multi-DOF robotic systems [10],
[11]. Motivated for contour tracking in repetitive tasks, the
objective of this research is to take the advantages of both
PDC and ILC to develop a feedforward algorithm called
position domain ILC (PDILC). The proposed PDILC in
this paper is a novel algorithm that designing feedforward
ILC in position domain, instead of traditional time domain.
An integrated feedback and feedforward control structure
is more effective in precision motion control. Among feed-
back control algorithms, PID is considerably used in in-
dustrial processes, because its structure, consisting of only
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three parameters, is very simple to implement and many
different techniques are nowadays available for their tun-
ing [12]–[14]. By applying the PID technique as the feed-
back controller and PDILC as the feedforward controller,
control signal convergence and contour errors elimination
can be achieved effectively. Previous work in [15] has
presented the basic framework of PDILC algorithm with
comparisons to conventional time domain ILC. The main
contributions in this paper lie in (1) the presentation of
the derivation the feedback PID & feedforward PDILC de-
sign framework; (2) the stability and convergence analysis
of the proposed design framework using the lifted matrix
representation method; and (3) experimental validation of
the proposed algorithm with comparisons to cross-coupled
ILC (CCILC).

The rest of this paper is outlined as follows. Section 2
gives a brief review of ILC, position domain control (PDC)
before introducing PDILC. In Section 3, the control law
of the PID & PDILC controller is proposed with its sta-
bility, convergence and performance analysed in lifted ma-
trix representation. Simulation and experimental results
with comparisons between PID & CCILC are presented
in Section 4. Conclusion and future works are given in
Section 5.

2. Position Domain Iterative Learning Control

For a two input two output, linear time-invariant system,
the PDILC control of x- and y-axis can be given as

⎧⎪⎨
⎪⎩
uilc

xj+1
(k) = Qx(q)[u

ilc
x
(k) + Lx(q)ex(k)]j

uilc
yj+1

(x) = Qy(q)[u
ilc
y
(x) + Ly(q)ey(x)]j

(1)

where k stands for the discretized time index, j is the
iteration index, x represents the master position sequence
with the function of x= f(k), q is the forward time-shift
operator, uilc is the control signal of ILC controller, Q is
a filter, L is the learning function, ex(t) is the tracking
error of x-axis versus time and ey(x) is the tracking error
of y-axis versus x position. Here, the x-axis is chosen as
the master motion, while the y-axis is the slave motion. It
can be seen that control law for x-axis is totally in time
domain, while control law for y-axis is in position domain.
Applying the PID-like law of ILC, the x- and y-axis control
law can be rewritten as

⎧⎪⎪⎨
⎪⎪⎩

uilc
xj+1

(k)=Qx(q)
[
uilc
x

(k)+kilcpxex(k)+kilcix Γ(ex(k))+kilcdxΨ(ex(k))
]
j

uilc
yj+1

(x)=Qy(q)
[
uilc
y

(x)+kilcpy ey(x)+kilciy Γ(ey(x))+kilcdyΨ(ey(x))
]
j

(2)

where kilcpx , k
ilc
ix , k

ilc
dx , k

ilc
py , k

ilc
iy and kilcdy are PID gains for x-

and y-axis ILC controller, Γ(·) is the integral operator and
Ψ(·) is the differential operator. The expansion formulas
of the integral and differential operators are

⎧⎪⎨
⎪⎩
Γ(ex(k)) =

Δk

2
(ex(k) + ex(k −Δk))

Ψ(ex(k)) =
ex(k)− ex(k −Δk)

Δk

(3)

⎧⎪⎪⎨
⎪⎪⎩
Γ(ey(x)) =

Δx(k)

2
(ey(k) + ey(k −Δk))

Ψ(ey(x)) =
ey(k)− ey(k −Δk)

Δx(k)

(4)

Substituting the integral and differential operator in
(3) and (4) into (2), we get (5) and (6) as

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

uilc
xj+1

(k) = Qx

[
uilc
x (k) + αx · ex(k) + βx · ex(k −Δk)

]
j

αx = kilcpx +
Δk

2
kilcix +

kilcdx

Δk

βx =
Δk

2
kilcix − kilcdx

Δk
(5)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

uilc
yj+1

(k)=Qy

[
uilc
y (k)+αy(k)ey(k)+βy(k)ey(k−Δk)

]
j

αy(k) = kilcpy +
Δx(k)

2
kilciy +

kilcdy

Δx(k)

βy(k) =
Δx(k)

2
kilciy − kilcdy

Δx(k)
(6)

It can be seen from (5) that αx and βx are constants
when the time delay index Δk is determined, while in
(6), αy and βy are time variants because the position
interval Δx of x-axis in time delay Δk is changing. That
is to say that the control signal of y-axis is relevant with
position interval of x-axis. The master axis and slave
axis are coupled through position information of x-axis to
guarantee the synchronization of axes. This is different
from conventional time domain ILC design.

3. Combined Feedback PID and Feedforward
PDILC Controller Design

3.1 Lifted Matrix Representation

The lifting operation over a finite interval allows us to
represent the system using a matrix format for the time
domain dynamics [16], and it can be used to analyse the
system stability and convergence in the iteration domain
for the ILC law. Details about this method can refer to
[15], [16].

3.2 Combined PID & PDILC Controller Design

The PID & PDILC control structure for a two DOF system
is shown in Fig. 1. The x-axis is chosen as the master
motion, and the y-axis is the slave motion. TDILC is
applied for master motion and PDILC is used for slave
motion to guarantee the synchronization between axes.
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Figure 1. The PID & PDILC control structure.

In the y-axis ILC design, the position information of
x-axis is integrated into the controller as described in (6),
while a time domain ILC is applied into x-axis control.
To discuss the convergence and error performance in (5)
and (6), the error items of e(k) and e(k−Δk) need to
be substituted by polynomial of uilc

x , uilc
y , xd and yd.

The lifted matrix format of errors are

⎧⎪⎨
⎪⎩
ex = xd − x = xd −Px · (uilc

x + upid
x )

êx = x̂d − x̂ = x̂d − P̂ x · (uilc
x + upid

x )

(7)

where upid
x =K x · ex is the control output of the PID

controller for x-axis with the non-lifted format of the PID
controller as Kx = kpidpx + kpidix · s−1 + kpiddx · s (s is the fre-

quency domain variable), êx, x̂d and P̂x represent the sig-
nal or system transfer function with Δk steps time delay
(i.e. êx(k)= ex(k)− ex(k −Δk)), and

⎧⎪⎨
⎪⎩
ey = yd − y = yd −P y · (uilc

y + upid
y )

êy = ŷd − ŷ = ŷd − P̂ y · (uilc
y + upid

y )

(8)

where upid
y =K y · ey, and the non-lifted format of the

y-axis PID controller is Ky = kpidpy + kpidiy · s−1 + kpiddy · s.
Solving (7) and (8) generates (9) and (10) as

⎧⎪⎨
⎪⎩
ex = S x · xd − S xPx · uilc

x

êx = −K xS xP̂x · xd − S xP̂xuilc
x + x̂d

(9)

⎧⎨
⎩
ey = S y · yd − S yP y · uilc

y

êy = −K yS yP̂ y · yd − S yP̂ y · uilc
y + ŷd

(10)

where S is the lifted format of the sensitivity transfer
function of the axis system dynamic with S=(1+KP )−1.

Substituting (9) and (10) into (5) and (6) yields the
recursion formula of ILC control signal for x- and y-axis as

⎧⎪⎨
⎪⎩
uilc

xj+1
= M x · uilc

xj
+Nx

uilc
yj+1

= M y · uilc
yj

+Ny

(11)

where

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

M x = Qx(I −αxS xPx − βxS xP̂x)

N x = Qx

[
(αxS x − βxK xS xP̂x) · xd + βxx̂d

]

M y = Qy(I −αyS yP y − βyS yP̂ y)

N y = Qy

[
(αyS y − βyK yS yP̂ y)yd + βyŷd

]
(12)

In (12), M , Q , S and P are N ×N square ma-
trixes, I is the N -dimensional unit matrix, α and β are
N -dimensional diagonal matrixes, and N , xd, x̂d, yd

and ŷd are N × 1 matrixes as displayed in the uniformed
equation as

⎡
⎢⎢⎢⎢⎢⎢⎣

uilc(1)

uilc(2)
...

uilc(N)

⎤
⎥⎥⎥⎥⎥⎥⎦
j+1︸ ︷︷ ︸

Ui

=

⎡
⎢⎢⎢⎢⎢⎢⎣

m1 0 · · · 0

m2 m1 · · · 0
...

...
. . .

...

mN mN−1 · · · m1

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
M i

⎡
⎢⎢⎢⎢⎢⎢⎣

uilc(0)

uilc(1)
...

uilc(N − 1)

⎤
⎥⎥⎥⎥⎥⎥⎦
j︸ ︷︷ ︸

Ui

+

⎡
⎢⎢⎢⎢⎢⎢⎣

n(1)

n(2)
...

n(N)

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
N i

(13)

where i∈{x, y}, Mi and Ni are computed by (14) as

⎧⎪⎨
⎪⎩
M i = Q i · (I −αiS iP i − βiS iP̂ i)

N i = Q i ·
[
(αiS i − βiK iS iP̂ i)i d + βiî d

] (14)

3.3 Monotonic Convergence Condition

As stated in [17]–[19], a sufficient condition for monotonic
convergence of the composite iterative algorithm can be
given by

σ̄(M ) < 1 (15)

where σ̄(·) denotes the upper bound value of the induced

2-norm of a matrix, M =

⎡
⎣M x

M y

⎤
⎦ is the combined matrix

of the two axes.
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Figure 2. Bode plot of x- and y-axis.

4. Evaluation: Convergence Computation and Ex-
periments

In this section, the PID & PDILC design was evaluated
through both simulation and experiment cases based on
a three DOF precise positioning stage with a stroke of
50, 50 and 20mm for x, y and z-axis, respectively. The
tested platform shown in Fig. 8 is a serial system with
its each axis driven by a DC servo motor. The position

Figure 3. Reference contours: (a) sector motion in the xy plane; (b) parabolic motion in the xy -plane; and (c) and (d) are
individual axis motion versus time.

information of the axis is detected by an incremental
encoder with a resolution of 0.5μm which provides baseline
information for understanding the behaviour of general
multi-axis systems. For such a commercial product, the
original controller is commonly designed decoupled for each
individual axis. Therefore, the contour error always exists
as the synchronization between axes is not guaranteed.
The proposed PID & PDILC design is to improve the
contour error in this testbed in the following sections.

4.1 System Identification

In this work, only x- and y-axis were selected for simulation
and experiment case. Dynamic models of the x- and y-axis
were achieved through step response method with a sample
rate of 1 kHz. The continuous transfer functions are

⎧⎪⎪⎨
⎪⎪⎩

Px =
−0.1402s+ 5.291

s2 + 5.795s+ 5.564

Py =
−0.0631s+ 2.132

s2 + 2.76s+ 2.127

(16)

As the bode diagram shown in Fig. 2, the bandwidth
of x- and y-axis are 0.164 and 0.162Hz.

4.2 Lifted Matrix Computation

A sector trajectory and a parabolic trajectory were used
to test the effectiveness of the proposed algorithm. The
contours in Fig. 3 lasted 14 s and the step size in simulation
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Table 1
Controller Parameters

Contour CCILC
Case

PDILC ILC CCC

P I D P I D P D

Sector 0.2 0.1 0 0.2 0.1 0 1 0.5

Parabolic 0.3 0.1 0 0.3 0.1 0 1 0.5

Table 2
Computational Results of Monotonic Convergence for the

Reference Contours

Computational
Contour Case Results of σ̄(M )

PDILC CCILC

Sector 0.9913 0.9663

Parabolic 0.9896 0.9622

was set 0.005 s, so the dimension of the AS condition
matrix in (15) was 2,800× 2,800. This made it compatible
within the memory and calculation capability in a normal
computer. If the matrix size is too big, some indirect
computation methods can be applied as described in [17].

In the control law, a Q-filter is used. In this case, it
was set as a third-order low-pass filter to ensure robustness
in the presence of noise and uncertainty. From Fig. 2,
it can be found that the bandwidth of the x-axis is very
close to that of the y-axis. The Q-filter for the two axes is
set the same with its continuous transfer function of Q is
shown as

Q =
0.7294s3 − 167s2 − 5.213× 104s

s3 + 1262s2 + 7.961× 105s+ 2.543× 108
(17)

For comparison with the proposed PID & PDILC con-
troller, the PID & CCILC controller is used in the fol-
lowing computation, simulation and experiment sections.
The PID gains for feedback controller are determined by
tuning [20] with the designed results as 3, 0.8 and 0.05,
respectively. The parameters for feedforward PDILC and
CCILC in the two sets are displayed in Table 1.

The convergence results under the two sets of con-
trollers (PID & PDILC, PID & CCILC) are shown in
Table 2, which illustrates that the upper bound condi-
tion of (15) is valid the monotonic convergence condition
is satisfied by appropriate design of the different learning
functions and PID gains.

4.3 Experiments

As shown in Fig. 4, the tested platform is a three DOF
precise positioning stage with a stroke of 50, 50 and 20mm

Figure 4. Closed loop control system in the experiment.

for x-, y- and z-axis, respectively. It is a serial system with
its each axis driven by a DC servo motor. The position
information of each axis is detected by a grating ruler with
the resolution of 0.5μm. For such a commercial product,
the original controller is commonly designed decoupled
for each individual axis. Therefore, the contour error
always exists as the synchronization between axes is not
guaranteed. The proposed PID & PDILC design is to
improve the contour error in this testbed in the following
sections. The product of National Instrument (Compact-
RIO 9081) was used for implementation of sensor signal
acquisition and control signal output based on rapid control
prototype.

4.3.1 Sector Case

The experimental results for sector tracking are shown
in Figs. 5 and 6. The PID & PDILC control produces
the better improved tracking performance than PID &
CCILC with a 95% decrease in the contour RMS error.
The improvement includes a 5% reduction in RMS contour
error from CCC design to PDC design. The increase in
experimental RMS error values is to be expected due to
model uncertainty in system identification that appears in
the actual system.

Figure 6 displays the tracking performance in the last
iteration for sector experiment. The contour under PID
& PDILC is closer to the reference compared with PID &
CCILC.

4.3.2 Parabolic Case

Figures 7 and 8 are the experimental results for the
parabolic tracking under a PID & PDILC system versus
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Figure 5. RMS contour error of sector case versus iteration
in the experiments.

PID & CCILC system. The PID & PDILC controller pro-
duces the better improved tracking performance than PID
& CCILC with a 97% decrease in the contour RMS error as
shown in Fig. 7. The improvement includes a 5% reduction
in RMS contour error from CCC design to PDC design.

Move to a closer look into Fig. 8, it can be seen that
the contour under PID & PDILC are closer to the reference
compared with PID & CCILC, which is consistent to the
aforementioned results in Fig. 8.

Figure 6. Tracking results of the sector contour in experiments: (a) the overall look in the xy -plane; (b) contour errors versus
time; (c) and (d) are the partial enlarged view of part A and B marked in subplot (a) and (b).

Figure 7. RMS contour error of parabolic case versus iter-
ation in the experiments.

The above experimental results show that both the
PID & PDILC and PID & CCILC can achieve obvious
improvements for contour tracking performance. How-
ever, to be more precise, the PID & PDILC is better
in decreasing steady converged errors. What’s more, the
PDILC algorithm does not rely on the computation of
cross-coupling gains, which is the main advantage over the
CCILC.
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Figure 8. Tracking results of the parabolic contour in experiments: (a) the overall look in the xy -plane; (b) contour errors;
and (c) and (d) the partial enlarged view of part A and B marked in subplot (a) and (b).

5. Conclusion

This paper has presented the framework of the composite
PID & PDILC and demonstrated the contour tracking
performance befits for such a controller. The stability
and convergence conditions were discussed in lifted matrix
representation.
1. Smaller contour tracking errors can be obtained from

the PID & PDILC controller than the PID & CCILC.
2. The proposed PID & PDILC controller relies less on

the computation of cross-coupling gains compared with
traditional CCC or CCILC. The position information
of the master motion is integrated into the slave motion
control to guarantee the synchronization between the
axes.

3. The PID & PDILC control has broad application
prospects. As the control strategy is originated from
precision motion control for a multi-axis stage in this
paper, it can be easily integrated into multi-DOFs
robotic manipulators, multi-axle vehicles and so on,
where the synchronization between axes should be sat-
isfied.
In this paper, the PID & PDILC controller was illus-

trated on a 2-DOF motion system; however, this technique
could be extended to three and more axes systems in our
future work. Also, the robustness of the algorithm needs
to be investigated in the future.
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