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Abstract Stacked magnetostrictive actuator (SMA)
has the advantages of high energy density and high
bandwidth, but the output stroke is relatively small
and accompanied by strong hysteresis nonlinearity.
Introducing the radial-nested stacked configuration, the
stroke of a SMA can be increased without deteriorating
its bandwidth. However, this configuration consists of
three magnetostrictive rods of different shapes which
bringsmore serious asymmetric hysteresis nonlinearity
and poses a great challenge on the theoretical model-
ing of the actuator. In this paper, a magnetic equiva-
lent circuit (MEC) model is established to describe the
magnetic characteristic of radial-nested stack. Then, a
nonlinear dynamic magnetization model is proposed
with the combination of the MEC model and the Jiles-
Atherton model. Finally, by considering the multi-
degree-of-freedom (MDOF) mechanical dynamic sys-
tem, a multiphysics comprehensive dynamic (MCD)
model is established. What’s more, a prototype of
radial-nested stacked Terfenol-D actuator (RSTA) is
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fabricated, a series of simulations and experiments are
conducted to evaluate the proposedmodels. The param-
eters that cannot be calculated ormeasured in themodel
are identified by employing the multi-island genetic
algorithm. Results show that: (a) the MEC model can
accurately calculate the magnetic distribution of the
RSTA with an error less than 0.2% compared with a
finite element model; (b) the MCD model can accu-
rately describe the RSTAoutput hysteresis nonlinearity
under different operating frequencies and amplitudes
with a root-mean-square (RMS) error less than 1.1 µm
(1.76%).

Keywords Magnetostrictive actuator · Radial-nested
stack · Asymmetric hysteresis nonlinearity · Multi-
degree-of-freedom dynamic system · Theoretical
modeling

1 Introduction

Stackedmagnetostrictive actuator (SMA) provides dis-
placement under the excitation of external magnetic
field [1]. This noncontact-type driving pattern brings
extremely high reliability compared with those smart
material actuators with contact-type driving patterns.
Thanks to the advantages of high bandwidth and high
energy density, magnetostrictive actuator [2,3], as a
novel electro-mechanical converter, has been applied
in many industrial engineering fields [4–7], especially
in the aeronautical actuation systems with the require-
ments of quick response and precision motion [8].
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Fig. 1 The radial-nested stacked configuration

However, the major stumbling block for SMA fur-
ther applications is that the output stroke of SMA is rel-
atively small and accompanied by strong dynamic hys-
teresis nonlinearity [9–11]. The output displacement of
the SMA is proportional to its length. But traditional
SMAs are restricted by their small magnetostrictive
strain rate which is normally less than 0.2%. Therefore,
traditional SMAs are not able to provide enough output
stroke in a restricted volume. Although the adoption of
amplification mechanism can effectively increase the
stroke in a relatively small volume [12,13], the band-
width of the actuator will seriously decrease at the
expense. To tackle this problem, a two-dimensional
stacked magnetostrictive actuator (TSMA) with high
bandwidth and large stroke was proposed in our previ-
ous work in [14]. Different from traditional displace-
ment amplification mechanisms based on lever [15],
hydraulic [16] and buckling [17] principles, the TSMA
realizes direct displacement amplification through the
novel structure of radial-nested stacked configuration,
as shown in Fig. 1. In the configuration, U-shaped
sleeves were employed to support the radial-nested
stacking of three magnetostrictive rods. The stroke of
TSMA can reach 65 µm, the displacement amplifica-
tion ratio is achieved as 2.8 whichmeans that the length
ofTSMA is only 1/3 of traditional SMAs, and thework-
ing bandwidth is kept as 500 Hz.

Unfortunately, this special radial-nested stacked
configuration also brings nonuniform magnetic dis-
tribution, strong asymmetric hysteresis nonlinearity
and complex mechanical dynamic system. The radial-
nested magnetostrictive stack contains three magne-
tostrictive rods of different shapes and sizes, which
are stretched at the same time during operation, and
the displacement is transmitted through the U-shaped

sleeves.On theonehand, the internalmagnetic distribu-
tion of the actuator with radial-nested stacked configu-
ration becomes nonuniform and the output characteris-
tics becomemore difficult to predict. On the other hand,
this makes the nonlinear dynamic magnetization pro-
cess andmechanical dynamic characteristics extremely
complicated compared with traditional actuators.

As a result, it is of a great challenge to build the
theoretical model of the magnetostrictive actuator with
such class of structure, i.e., the radial-nested stacked
configuration to analyze the output performances and
design the controller of the actuator, which is essential
for the SMA further applications [18–21].

In terms of magnetic modeling, the magnetic equiv-
alent circuit (MEC) modeling method which equates
various parts in the magnetic flux path to the resistance
in the circuit, and the magnetic flux is equivalent to
current and solved by Kirchhoff’s law, has proved to
be an effective method [22–25]. In the study of mag-
netostrictive actuators [26,27], MEC model has been
used to analyze the magnetic circuit structure and serve
as a guide for the optimal design. However, the mag-
netostrictive actuator in existing studies is driven by
a single cylindrical magnetostrictive rod, and its mag-
netic circuit presents a series structure. The parallel
magnetic circuit analysis and modeling work for the
radial-nested stacked magnetostrictive actuator has not
been carried out yet.

With respect to the dynamic modeling of mag-
netostrictive actuator, it can be divided into three
parts: electric input dynamic, nonlinear magnetization
dynamic and mechanical dynamic. First, the electri-
cal input model has been established in our previous
work [28]. Second, the existing nonlinear magnetiza-
tionmodelingmethodsmainly include phenomenolog-
ical modeling and physics-based modeling, in which
the physics-based Jiles-Atherton (J-A) model [29] is
the most widely used. Niu et al. [30] proposed a hybrid
model of a magnetostrictive actuation system with the
employment of J-A model. To describe the dynamic
magnetization process of the magnetostrictive electro-
hydraulic actuator, the J-A model was adopted by Zhu
et al. [31]. Liu et al. [32] proposed a dynamic J-A
model in order to improve controllability and stabil-
ity of a magnetostrictive actuator. Third, in mechani-
cal dynamic modeling, vibration model is commonly
used to describe the dynamic characteristics ofmechan-
ical parts of actuation systems [33,34]. Gu et al. [35]
modeled a magnetostrictive actuator as a mass-spring-

123



Theoretical modeling and experimental evaluation 1279

damper system in a frequency band within the first
mechanical mode of vibration. Li et al. [36] also used
the vibration model to simplify the mechanical dynam-
ics response of the magnetostrictive actuator to a mass-
spring-damping system.

However, the magnetostrictive actuators in exist-
ing studies only contain a single magnetostrictive rod,
and the established model cannot describe the nonuni-
form magnetic distribution and the eddy current effect
of radial-nested stack which contains three different
shapes rods. Therefore, the nonlinear dynamic magne-
tization process of the radial nested magnetostrictive
stack cannot be calculated accurately. Similarly, their
mechanical dynamic systems are all single-degree-
of-freedom (SDOF) dynamic systems. The MDOF
dynamic system brought by the radial-nested stacked
configuration has not been analyzed effectively.

In this paper, to accurately predict the output hys-
teresis nonlinearity of magnetostrictive actuators with
radial-nested stacked configuration and further pro-
mote its application in aerospace field [37], a mag-
netic equivalent circuit (MEC) model that consider-
ing the parallel distribution characteristics of mag-
netic flux in the radial-nested magnetostrictive stack
was established, a nonlinear multiphysics comprehen-
sive dynamic (MCD) model which fully considers
the nonlinear dynamic magnetization process and the
MDOF mechanical dynamic system those brought by
the radial-nested stacked configuration was proposed.
Research on the correlation between the actuator com-
ponents and themagnetic fluxdensitywas carried out as
a guide for magnetic circuit design. Then a magnetic
field finite element model was built, and a prototype
of radial-nested stacked Terfenol-D actuator (RSTA)
was fabricated, to verify the accuracy of the proposed
MEC model and MCD model, respectively. Terfenol-
D [38] is one of the magnetostrictive materials which
has the largest magnetostrictive strain rate. The param-
eters in the model those cannot be obtained by mea-
surement and calculation are identified through finite
element simulation and experiments. The finite ele-
ment simulation results show that the maximum error
of the magnetic flux density calculated by the proposed
MEC model is only 0.2%. The results of experiments
demonstrate that the establishedMCDmodel can accu-
rately describe the output characteristics of RSTA at
all operating condition, and the maximum root-mean-
square error is less than 1.76%. The stroke of the RSTA
can reach 110 µm under an axial dimension of 70.2

mm.What’s more, the bandwidth of the RSTA can still
exceed 500 Hz.

The remainder of this paper is structured as follows:
The establishment of theMECmodel and the magnetic
conduction analysis of radial-nested stacked configu-
ration are shown in Sect. 2. In Sect. 3, the MCD model
was proposed. Including an electrical input dynam-
ics model, a nonlinear dynamic Jiles-Atherton mag-
netization model with the nonuniformity distribution
of magnetic field and a mechanical multi-degree-of-
freedom (MDOF) dynamic model considering internal
load were established. The experiments on a fabricated
prototype and the accuracyverification for the proposed
MCD model are carried out in Sect. 4. Section 5 gives
the conclusions.

2 Magnetic equivalent circuit modeling and
analysis

2.1 The magnetic circuit structure

The magnetostrictive actuator with radial-nested
stacked configuration as shown in Fig. 2a is mainly
composed of three parts: radial-nested stack (magne-
tostrictive rod 1, magnetostrictive rod 2, magnetostric-
tive rod 3, sleeve 1 and sleeve 2), preload applying
mechanism (disc spring, output rod, pre-tightening end
cover and shell) and electromagnetic excitation device
(coil and coil bobbin). The base, output rod and shell are
all made of DT4C with extremely high magnetic per-
meability. But the sleeve material and end cover mate-
rial are stainless steel (SUS304) with relative perme-
ability of 1.3. To analyze the distribution of magnetic

(a) (b)

Fig. 2 Magnetic conduction analysis for a magnetostrictive
actuator with radial-nested stacked configuration
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field lines, a two-dimensional axisymmetric magnetic
field analysis finite element model (FEM) was built in
COMSOL. The simulation results are shown in Fig.
2b, which indicate that a closed magnetic circuit will
be produced inside the actuator in the working process.
There was obvious internal magnetic flux leakage, and
the radial flux transfer between three magnetostrictive
rods also exists. As shown in Fig. 2b, themagnetic field
lines in the green circle are the internal magnetic flux
leakage and the magnetic field lines in the red circle are
the radial magnetic flux transfer between the magne-
tostrictive rods. The magnetic field lines split into three
parts in the radial-nested magnetostrictive stack and
passed through the three magnetostrictive rods, respec-
tively.

2.2 Magnetic equivalent circuit modeling

Based on the above finite element simulation results
and magnetic conduction analysis results of the mag-
netostrictive actuator with radial-nested stacked con-
figuration, a MEC model is established, as shown in
Fig. 3.

According to Kirchhoff’s law, the magnetic flux of
15 branches in the MEC model can be solved by the
following 15 equations:

Fig. 3 The proposed MEC model, in which Rshell, Ror, Rbase,
Rrod1, Rrod2 and Rrod3 are the reluctance of shell, output rod,
base, magnetostrictive rod 1, rod 2 and rod 3, respectively; Rs11,
Rs12, Rs21 and Rs22 are the reluctance at the bottom of sleeve 1,
the top of sleeve 1, the bottom of sleeve 2 and the top of sleeve 2,
respectively; RL is the leakage reluctance; R1, R2, R3 and R4 are
the radial flux transfer reluctance; RAG1, RAG2, RAG3 and RAG4
are the reluctance of air gaps

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ7 + φ10 − φ4 = 0
φ1 + φ5 + φ6 − φ10 = 0
φ2 + φ8 + φ9 − φ5 − φ6 = 0
φ3 − φ8 − φ9 = 0
φ11 + φ15 − φ1 = 0
φ12 + φ14 − φ2 − φ11 = 0
φ13 − φ3 − φ12 = 0
φ4Rshell + φ7RL − N I = 0
φ10Rbase + φ1Rrod1 + φ15(Rs12 + RAG3) − φ7RL = 0
φ5R1 + φ2Rrod2 − φ1Rrod1 − φ11R3 = 0
φ3Rrod3 + φ9R2 − φ2Rrod2 − φ12R4 = 0
φ11R3 + φ14(Rs22 + RAG4) − φ15(Rs12 + RAG3) = 0
φ12R4 + φ13Ror − φ14(Rs22 + RAG4) = 0
φ8(Rs21 + RAG2) − φ9R2 = 0
φ6(Rs11 + RAG1) − φ5R1 = 0

(1)

where φ1, φ2 and φ3 are the magnetic flux of magne-
tostrictive rod 1, rod 2 and rod 3, respectively; φ4 to
φ15 are the magnetic flux of other branches in theMEC
model.

There are a total of 9 magnetic resistances (Rrod1,
Rrod2, Rrod3, Rs11, Rs12, Rs21, Rs22, RAG1 and RAG2 )
in theMECmodel which can be calculated numerically
through Eqs. (2) and (3):

Raxial =
∫

la
μA

(2)

Rradial =
∫ ro

ri

dr

2πhrμ
= 1

2πhμ
ln

(
r2
r1

)

(3)

where Raxial and Rradial are the axial magnetic reluc-
tance and radial magnetic reluctance, respectively; la,
A andμ are the length, cross-sectional area and perme-
ability, respectively; ri, ro and h are the inner radius,
outer radius and thickness of a component, respectively.

For the remaining components and air gaps with
complex shapes, their reluctance can be obtained
through identification or finite element simulation.

All parameters of the proposed MEC model are
shown in Table 1, in which RL, RAG3, RAG4, R1, R2,
R3 and R4 are obtained through the identification of the
finite element simulation results. The MEC model cal-
culation results are converted intomagnetic fluxdensity
for comparison with the finite element model (FEM)
simulation results to verify its accuracy as shown in
Fig. 4. Compared with the FEM calculation results,
the maximum calculation error of the MEC model is
less than 0.2% under different excitation currents.
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Table 1 The parameters of the MEC model

Symbol Value (H−1) Symbol Value (H−1)

Rshell 2.82 × 105 Rs22 6.78 × 106

Rbase 2.37 × 105 Rs22M 737

Ror 5.02 × 105 RL 1.37 × 108

Rrod1 3.47 × 107 R1 3.78 × 106

Rrod2 5.29 × 107 R2 2.53 × 107

Rrod3 9.50 × 107 R3 6.99 × 106

Rs11 7.95 × 106 R4 1.52 × 107

Rs11M 865 RAG1 2.25 × 106

Rs12 4.45 × 106 RAG2 6.25 × 106

Rs12M 485 RAG3 8.89 × 106

Rs21 2.44 × 107 RAG4 9.06 × 108

Rs21M 2650 – –

Fig. 4 Accuracy verification of the proposed MEC model

2.3 Magnetic conduction analysis

In this subsection, MATLAB & Simulink and Isight
were employed to analyze the correlation between the
sleeve magnetic resistance (Rs11, Rs12, Rs21, Rs22, R1,
R2, R3 and R4 determined by the characteristics of the
sleeves) and the magnetostrictive rods magnetic flux
(φ1, φ2, φ3 and φz). φz is the sum of the magnetic flux
of three magnetostrictive rods, which determines the
output performance of actuator directly.

For the correlation table in Fig. 5, “+” and “−”
represent the positive or negative correlation between

Fig. 5 The correlation table of magnetic resistance and output
magnetic flux

Fig. 6 The redesign of radial-nested magnetostrictive stack

the magnetic resistance and the magnetic flux, and the
magnitude of the value represents the degree of influ-
ence. As shown in Fig. 5, the influence of R1, R2,
R3 and R4 on the magnetic flux is very small and can
be ignored. The magnetic resistance Rs11, Rs12, Rs21

and Rs22 have a great negative effect on the magnetic
flux, which means that the smaller they are, the greater
the output magnetic flux is. According to the analysis
results, magnetizers are employed to change the mag-
netic circuit structure, as shown in Fig. 6. Themagnetic
resistance of Rs11, Rs12, Rs21 and Rs22 was reduced
by adding magnetizers. The magnetizers are made of
DT4C.

The increase in magnetic flux density resulting from
the addition of DT4C magnetizers is shown in Fig. 7.
TheMECmodel calculation results show that the addi-
tionofmagnetizer can effectively improve themagnetic
flux density on the magnetostrictive rods. The total
magnetic flux density increased by 8.7%. In Table 1,
Rs11M, Rs12M, Rs21M and Rs22M are the resistance of
the added magnetizers.

3 Dynamic modeling

In this section, a nonlinearmultiphysics comprehensive
dynamic (MCD) model was proposed according to the
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Fig. 7 Validation of the magnetic conduction optimization

Fig. 8 The working process of the magnetostrictive actuator
with radial-nested stacked configuration

working process of the magnetostrictive actuator with
radial-nested stacked configuration: Firstly, the voltage
input signal is amplified and transferred by the power
amplifier into a current signal, which excites the coil
to produce a magnetic field. Then the magnetostrictive

rod is magnetized and generates magnetostrictive force
under the action of themagnetic field. Finally, under the
drive of magnetostrictive force, each magnetostrictive
rod outputs displacement at the same time and trans-
mits it upward through the sleeves in turn, pushing the
output rod to converge into the output displacement of
actuator. Thewholeworking process is shown inFig. 8,
and there is a complex transmission of energy between
physical fields.

3.1 Electrical input dynamics modeling

In themagnetostrictive actuator drive system, thepower
amplifier and the excitation coil are the key compo-
nents to realize the electric–magnetic energy conver-
sion. The output characteristic of the power amplifier
and the inductive winding coil dynamics can be char-
acterized as [28]:

G(s) = kUω2
U(1 + Tts)

s2 + 2ξUωUs + ω2
U

(4)

where kU is the amplification factor, Tt is the time con-
stant, ωU and ξU, respectively, represent the natural
frequency and damping ratio of the system.

3.2 Nonlinear dynamic magnetization modeling

According to Eq. (1), i.e., the proposed MEC model in
Sect. 2, the magnetic flux of each path in the radially
nested magnetostrictive actuator can be calculated by
Eq. (5).
The matrices A, B and φ are detailed in Eq. (6), in
which I is the input current, N is the number of turns
of the coil, and φ1, φ2 and φ3 are the magnetic flux of
magnetostrictive rod 1, rod 2 and rod 3, respectively.
In Eq. (6), R9,15, R11,6,
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φ = A−1B (5)

A =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 −1 0 0 1 0 0 1 0 0 0 0 0
1 0 0 0 1 1 0 0 0 −1 0 0 0 0 0
0 1 0 0 −1 −1 0 1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 −1 −1 0 0 0 0 0 0

−1 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 −1 0 0 0 0 0 0 0 0 −1 1 0 1 0
0 0 −1 0 0 0 0 0 0 0 0 −1 1 0 0
0 0 0 Rshell 0 0 RL 0 0 0 0 0 0 0 0

Rrod1 0 0 0 0 0 −RL 0 0 Rbase 0 0 0 0 R9,15

−Rrod1 Rrod2 0 0 R1 0 0 0 0 0 −R3 0 0 0 0
0 0 0 0 −R1 R11,6 0 0 0 0 0 0 0 0 0
0 −Rrod2 Rrod3 0 0 0 0 0 R2 0 0 −R4 0 0 0
0 0 0 0 0 0 0 R13,8 −R2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 R4 Ror −R14,14 0
0 0 0 0 0 0 0 0 0 0 R3 0 0 R15,14 −R15,15

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0
0
0
0
0
0
0
N I
0
0
0
0
0
0
0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, φ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

φ1

φ2

φ3

φ4

φ5

φ6

φ7

φ8

φ9

φ10

φ11

φ12

φ13

φ14

φ15

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(6)

R13,8, R14,14, R15,14 and R15,15 can be calculated as:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

R9,15 = Rs12 + RAG3

R11,6 = Rs11 + RAG1

R13,8 = Rs21 + RAG2

R14,14 = Rs22 + RAG4

R15,14 = Rs22 + RAG4

R15,15 = Rs12 + RAG3

(7)

When the driving frequency is low, the actuator
works in quasi-static state. In this state, the magnetic
field can be expressed as:

Hc = φ

μA
(8)

where Hc is the magnetic intensity, φ is the magnetic
flux, μ is the permeability, and A is the cross-sectional
area.

When the frequency of the driving signal increases
to a certain extent, the influence of eddy currentmust be
considered. As shown in Fig. 9, a tubular infinitesimal
element is taken from the radius r of a magnetostric-
tive rod, and r1 and r2 are the outer and inner radius of
a magnetostrictive rod, respectively. r is the radius of
the infinitesimal element, and dr is the thickness of the
infinitesimal element. For a cylindrical magnetostric-
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Fig. 9 Themagnetic field generated by the eddy current at radius
r

tive rod, r2 = 0. Ir and Hr are the eddy current and
the magnetic intensity generated by the infinitesimal
element at radius r .

The eddy current generated by the infinitesimal ele-
ment at radius r can be expressed as:

Ir = E

R
= d(BS)ldr

2πrdtρG
= μ0μGl

2ρG

dHc

dt
rdr (9)

where μ0 is the vacuum permeability, μG is the rela-
tive permeability of the magnetostrictive rod, ρG is the
resistivity of the magnetostrictive rod, r is the radius of
the infinitesimal element, E is the electromotive force,
R is the resistance, B is the magnetic induction, and S
is the magnetic flux area.

Then the magnetic field generated by the infinitesi-
mal element at radius r can be expressed as:

Hr = N Ir
l

= N μ0μGl
2ρG

dHc
dt rdr

l
= N

μ0μG

2ρG

dHc

dt
rdr

(10)

where for an infinitesimal element N = 1.
The magnetic field generated by the entire magne-

tostrictive rod due to the eddy current effect can be
obtained:

H ′ =
∫ r1

r2
rdr

μ0μG

2ρG

dHc

dt
(11)

where r1 and r2 are the outer and inner radius of a
magnetostrictive rod, respectively.

Therefore, when the eddy current effect was taken
into consideration, the magnetic field acting on a mag-
netostrictive rod is:

H = φ

μA
− H ′. (12)

After the Laplace transformof equation 12, themag-
netic field acting on a magnetostrictive rod when con-
sidering the eddy current effect is:

H = φ

μA(1 + τ s)
= φ

μA(1 + μ0μG(d2o − d2i )s/16ρG)

(13)

where τ is the eddy current time constant, do = 2r1
and di = 2r2.

Taking into account that other components with
irregular shapes such as base, U-shaped sleeves and
magnetizers, etc., whose eddy current loss is difficult
to quantify, air gaps between components will cause
additional magnetic flux leakage, so the magnetic field
acting on the magnetostrictive rod can be expressed as:

H = φ

kfμA(1 + μ0μG(d2o − d2i )s/16kJρG)
(14)

where kf and kJ are the magnetic flux leakage compen-
sation factor and the eddy current effect compensation
factor, respectively.

The correlation between kf & kJ and the MCD
model’s calculation error is shown in Table 2, in which
ERMS1 to ERMS4 are the calculation root-mean-square
error of MCD model under different working condi-
tions. The results indicate that the factor kf has a great
contribution on the improvement of MCDmodel accu-
racy, and the average influence degree is −0.88. The
influence of kJ on the MCD model accuracy increases
with the increase of driving frequency, because the eddy
current effect is positively correlated with frequency.

As the most widely used magnetization model, the
Jiles-Atherton model can describe the magnetization
process of a magnetostrictive rod using the following
five equations [29]:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

He = H + αM

Mir = Man − kδ
(
dMir
dHe

)

M = Mr + Mir

Man = Ms

[
coth

(
He
a

)
− a

He

]

Mr = cr(Man − Mir)

(15)
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Table 2 The correlation between kf & kJ and the MCD model error

ERMS1 4 A 10 Hz ERMS2 4 A 100 Hz ERMS3 4 A 200 Hz ERMS4 14 A 10 Hz

kf −0.87 −0.9 −0.88 −0.87

kJ 0.0 −0.03 −0.07 −0.11

where M is the magnetization, Ms is the saturation
magnetization, He is the effective magnetic field, Mr is
the reversible value ofmagnetization,Mir is themagne-
tization’s irreversible value, Man is an hysteretic value
of magnetization, α is the magnetic domain interaction
coefficient which is a constant to depict the relation
between the prestress and magnetic domain, cr is the
reversible coefficient, a is the shape coefficient of the
magnetization curvewithout hysteresis, k is the pinning
coefficient (the characteristic coefficient of hysteresis),
and δ is the directional coefficient.

3.3 Magnetostrictive force modeling

The magnetization of a magnetostrictive rod is actu-
ally the deflection of the internal magnetic domains
under the action of an external magnetic field, result-
ing in magnetostrictive strain and then magnetostric-
tive force. The prestress and the magnetic field are two
main factors that affect the output force due to their
effects on the magnetization and deformation process
of magnetostrictive materials.

When the preload has not reached the saturation
one (Fp ≤ Fs), the magnetostrictive strain of magne-
tostrictive rod can be calculated by Eq. (16); otherwise
(Fp > Fs), themagnetostrictive strain can be calculated
by Eq. (17), as follows [18,39]:

λ =
(

1 + 1

2
tanh

2Fp
Fs

)

λs
M2

M2
s

(16)

λ =
(

1 − Fp − Fs
Fmax

) (

1 + 1

2
tanh

2Fp
Fs

)

λs
M2

M2
s

(17)

where λ is the magnetostrictive strain; λs is the satu-
ration magnetostrictive strain; Fp is the preload of a
magnetostrictive rod; Fs is the saturation preload; M
is the magnetization intensity; and Fmax is the max-
imum magnetostrictive force of the magnetostrictive
rod, which can be calculated by the following equation
[40]:

Fmax = 3

2
λsEGAG (18)

where EG and AG are the initial elasticmodulus and the
cross-sectional area of a magnetostrictive rod, respec-
tively.

It can be seen from equation 16 and equation 17 that
the�E effect is characterized by the hyperbolic tangent
function [39,41,42]. The magnetostrictive force F of
the magnetostrictive rods can be calculated as follows
[43]:

F = λEGAG (19)

3.4 Multi-degree-of-freedom mechanical dynamic
modeling

In the magnetostrictive actuator with radial-nested
stacked configuration, multiple components form a
multi-degree-of-freedom (MDOF) dynamic system
[44], in which three magnetostrictive rods become
force sources when driven by amagnetic field. Sleeves,
magnetizers and output rod act as elastic elements
to transfer force and displacement. The established
MDOF dynamic model of the actuator is shown in Fig.
10. Because the stiffness of the disc spring is much
smaller than other components in the system, nomatter
whichmagnetostrictive rod, it will output displacement
toward the disc spring direction. For magnetostrictive
rod 1, in addition to overcoming its ownmass, stiffness
and damping, it should also overcome the mass, stiff-
ness and damping of other components in the output
direction, which are the loads of rod 1 inside the actu-
ator. The same is true for magnetostrictive rod 2 and
magnetostrictive rod 3.

According to the aforementioned analysis, the
dynamic equation of the system can be expressed by
Eq. (20):

MẌ + CẊ + KX = F (20)
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Fig. 10 Schematic of the
multi-degree-of-freedom
dynamic model

where M, C and K are the mass matrix, the damping
matrix and the stiffness matrix of the system, respec-
tively; X and F are the displacement matrix and input
matrix of the system, which can be expressed as fol-
lows:

M =
⎡

⎣

m1
3 + mlr1 0 0

0 m2
3 + mlr2 0

0 0 m3
3 + mlr3

⎤

⎦ (21)

C =
⎡

⎣
c1 + clr1 0 0

0 c2 + clr2 0
0 0 c3 + clr3

⎤

⎦ (22)

K =
⎡

⎣
k1 + klr1 0 0

0 k2 + klr2 0
0 0 k3 + klr3

⎤

⎦ (23)

X =
⎡

⎣
x1
x2
x3

⎤

⎦ ,F =
⎡

⎣
F1
F2
F3

⎤

⎦ (24)

where m1, m2 and m3 are the mass of rod 1, rod 2 and
rod 3, respectively; c1, c2 and c3 are the damping of rod
1, rod 2 and rod 3, respectively; k1, k2 and k3 are the
stiffness of rod 1, rod 2 and rod 3, respectively; x1, x2
and x3 are the output displacement of rod 1, rod 2 and
rod 3, respectively; F1, F2 and F3 are the output force
of rod 1, rod 2 and rod 3, respectively; mlr1, mlr2 and
mlr3 are the equivalent loadmass of rod 1, rod 2 and rod
3, respectively; clr1, clr2 and clr3 are the equivalent load
damping of rod 1, rod 2 and rod 3, respectively; klr1,
klr2 and klr3 are the equivalent load stiffness of rod 1,
rod 2 and rod 3, respectively, which can be calculated
by the following equations:

⎧
⎪⎪⎨

⎪⎪⎩

mlr1 = mM1 + mt1 + mM2 + m2 + mM3

+mt2 + mM4 + m3 + ms

mlr2 = mM3 + mt2 + mM4 + m3 + ms

mlr3 = ms

(25)

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

clr1 =
(

1
cM1

+ 1
ct1

+ 1
cM2

+ 1
c2

+ 1
cM3

+ 1
ct2

+ 1
cM4

+ 1
c3

+ 1
cs

+ 1
cdh

)−1

clr2 =
(

1
cM3

+ 1
ct2

+ 1
cM4

+ 1
c3

+ 1
cs

+ 1
cdh

)−1

clr3 =
(

1
cs

+ 1
cdh

)−1

(26)

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

klr1 =
(

1
kM1

+ 1
kt1

+ 1
kM2

+ 1
k2

+ 1
kM3

+ 1
kt2

+ 1
kM4

+ 1
k3

+ 1
ks

+ 1
kdh

)−1

klr2 =
(

1
kM3

+ 1
kt2

+ 1
kM4

+ 1
k3

+ 1
ks

+ 1
kdh

)−1

klr3 =
(

1
ks

+ 1
kdh

)−1

(27)

where mM1, mt1, mM2, mM3, mt2, mM4 and ms are the
mass of magnetizer 1, sleeve 1, magnetizer 2, magne-
tizer 3, sleeve 2, magnetizer 4 and output rod, respec-
tively; cM1, ct1, cM2, cM3, ct2, cM4, cs and cdh are the
damping of magnetizer 1, sleeve 1, magnetizer 2, mag-
netizer 3, sleeve 2, magnetizer 4, output rod and disc
spring, respectively; kM1, kt1, kM2, kM3, kt2, kM4, ks and
kdh are the stiffness of magnetizer 1, sleeve 1, magne-
tizer 2, magnetizer 3, sleeve 2, magnetizer 4, output rod
and disc spring, respectively.

Finally, the state spacemodel of theMDOFdynamic
system can be established as follows:

⎧
⎪⎪⎨

⎪⎪⎩

[
Ẋ
Ẍ

]

=
[

0 1
−M−1K −M−1C

] [
X
Ẋ

]

+
[

0
M−1

]

F

Y = [
1 0

]
[
X
Ẋ

]

.

(28)

4 Experimental evaluation

In this section, a prototype of radial-nested stacked
Terfenol-D actuator (RSTA) was manufactured and a
series of experiments were carried out to verify the
accuracy of the proposed multiphysics comprehensive
dynamic (MCD) model.
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4.1 The prototype of radial-nested stacked Terfenol-D
actuator

As shown in Fig. 11, rod 1 and rod 2 are tubular, and
rod 3 is cylindrical, both of them are consisted of a short
Terfenol-D rod of 10 mm and a long Terfenol-D rod of
20 mm, which is aim to reduce the mechanical hys-
teresis of single long magnetostrictive rod. The diame-
ters of each Terfenol-D rods are shown in Table 3. The
height of the RSTA prototype is 70.2 mm. The mag-
netizer material is DT4C, and the sleeve material is
SUS304. In the prototype, the excitation coil is divided
into upper and lower windings, which are indepen-
dently driven by two power amplifiers to improve the
dynamic response of the actuator.

(a)

(b)

Disc springPre-tightening 
end cover

Output rod

Coil bobbin

Coil

Shell

Base

Sleeve 2
Sleeve 1

Terfenol-D
rod 3

Terfenol-D
rod 1

Terfenol-D
rod 2

Magnetizer 2
Magnetizer 4

Magnetizer 1
Magnetizer 3

Fig. 11 Components of the RSTA

Table 3 The diameter of Terfenol-D rods

Name Outer diameter (mm) Inner diameter (mm)

Rod 1 20 15

Rod 2 14 9

Rod 3 8 –

(a)

(b)

Signal generator
Oscilloscope

Eddy current 
displacement sensor

Power amplifiers

Input VoltageRSTA Current sensor

Fig. 12 Experimental platform for open-loop test of the RSTA

4.2 Experimental platform

An experimental platform was built to test the open-
loop performance of the RSTA, as shown in Fig. 12.
The input voltage signal is generated by the signal gen-
erator (Beijing Puyuan Jingdian Technology Co., LTD,
DG1022) and linearly amplified by the power amplifier
(AETechron Inc., 7224) into a current signal to directly
excite the coil. Noncontact current sensor (Shenzhen
Zhiyong Co., Ltd, CP800) and eddy current displace-
ment sensor (Hangzhou Huarui Instrument Co., LTD,
CZF-2)were employed tomeasure the output current of
power amplifier and the output displacement of RSTA,
respectively. The oscilloscope (Taiwan Cuswell Elec-
tronics, GDS-1104B) is responsible for collecting and
storing experimental data, including the input voltage,
the excitation current and the output displacement of
the actuator.

4.3 Open-loop performance test

Magnetostrictive materials have inherent frequency
doubling effect, and the DC bias method is adopted
to eliminate it. Therefore, the input signal of the actu-
ator used in the open-loop test is shown in Fig. 13, all
of which are sinusoidal with DC bias-added signal.

For magnetostrictive materials, the application of
preload can effectively increase the output stroke and
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Fig. 13 The input current waveform

Fig. 14 The effect of preload under variable current on theRSTA
output displacement

Fig. 15 The frequency response of the RSTA

improve the working reliability, because the tensile
strength of Terfenol-D material is much lower than the
compressive strength. The RSTA preload application
device is composed of 6 disc springs in series, which
reduces the stiffness while ensuring that the Terfenol-
D material obtains sufficient preload. As shown in Fig.
14, a preload test was carried out, and there is an opti-
mal preload of 600 N for the optimized RSTA. There-
fore, the following experiments are carried out under
a preload of 600 N. The parameters of three magne-
tostrictive rods for magnetostrictive force model are
shown in Table 5.

Further, under the drive current of 4 A and 14
A, the influence of operating frequency on actuator
output displacement amplitude is studied. The results

Table 4 The parameters of multi-island genetic algorithm

Parameter Value

Sub-Population Size 20

Number of Islands 20

Number of Generations 20

Rate of Crossover 1.0

Rate of Mutation 0.01

Rate of Migration 0.02

Interval of Migration 5

show that under the excitation current of 4 A (14 A),
the output displacement of the actuator at 500 Hz is
92.5% (88.6%) of that at 50 Hz. The obtained actua-
tor amplitude-frequency characteristic is shown in Fig.
15, which indicate that the RSTA has a bandwidth far
exceeding 500 Hz under sub-millimeter stroke.

4.4 Parameter identification

The mass and stiffness of each component in the MCD
model can be directly obtained bymeasurement, calcu-
lation or finite element simulation. However, the damp-
ingparameters (c1, cM1, ct1, cM2, c2, cM3, ct2, cM4, c3, cs
and cdh) must be identified through experimental data.
For the dynamic J-A model, the three magnetostrictive
rods have different shapes, and a total of 12 unknown
parameters (a, α, cr and k of Terfenol-D rod 1, rod 2
and rod 3, respectively) need to be obtained through
identification.

Considering the numerous components and param-
eters in the RSTA dynamic system, a multi-island
genetic algorithm was employed to ensure the conver-
gence of parameter identification, and its parameter set-
tings are shown inTable 4. In order tomake the dynamic
model to include amplitude-related and frequency-
related characteristics, the identification work was car-
ried out at 4 A & 10 Hz, 12 A & 10 Hz, 4 A & 100
Hz and 12 A & 100 Hz, simultaneously. The objective
function of the algorithm is set as a sum of the maxi-
mum error and the root-mean-square error of the MCD
model calculation results compared with the experi-
mental results, as the following equation:

Objective =
4∑

i=1

eim +
4∑

i=1

eirms (29)
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Table 5 The parameters of magnetostrictive force model

Symbol Unit Rod1 Rod2 Rod3

EG GPa 30 30 30

AG mm2 137.4 90.3 50.3

Fp N 600 600 600

Fs N 2062 1355 754

Fmax N 6186 4065 2262

Table 6 The parameters of dynamic model

Symbol Unit Value Symbol Unit Value

m1 g 38 kM3 N · µm−1 2077

k1 N · µm−1 137 cM3 N · s · m−1 3486

c1 N · s · m−1 934 mt2 g 4.2

mM1 g 1.1 kt2 N · µm−1 92

kM1 N · µm−1 3161 ct2 N · s · m−1 6558

cM1 N · s · m−1 5933 mM4 g 0.62

mt1 g 7.1 kM4 N · s · m−1 506

kt1 N · µm−1 156 cM4 N · s · m−1 7793

ct1 N · s · m−1 9906 m3 g 13.9

mM2 g 2.1 k3 N · µm−1 50

kM2 N · µm−1 939 c3 N · s · m−1 989

cM2 N · s · m−1 3693 ms g 7.1

m2 g 25.1 ks N · µm−1 642

k2 N · µm−1 90 cs N · s · m−1 8224

c2 N · s · m−1 942 kdh N · µm−1 0.29

mM3 g 0.72 cdh N · s · m−1 934

Table 7 The parameters of Jiles-Atherton model

Symbol Unit Rod1 Rod2 Rod3

Ms kA · m−1 600 600 600

a A · m−1 3437 7365 7012

α – −5.5 × 10−4 −0.0311 −0.01

cr – 0.401 0.4457 0.18

k A · m−1 5904 3997 4283

where e1m ∼ e4m and e1rms ∼ e4rms are the maximum
error and the root-mean-square error of theMCDmodel
under 4 A & 10 Hz, 12 A & 10 Hz, 4 A & 100 Hz and
12 A & 100 Hz working conditions, respectively. The
process of identification is to find a set of parameters
that minimize the objective function.

The parameters of the dynamic model are shown
in Table 6, and those of the J-A model are shown in
Table 7. The stiffness parameters are calculated by Eq.
(30), and the mass parameters are calculated by Eq.
(31).
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(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 16 Dynamic model verification in different input amplitude and frequency

k = E A

l
(30)

m = ρv (31)

where k is the stiffness, E is the elastic modulus, A is
the cross-sectional area, l is the length, m is the mass,
ρ is the material density, and v is the volume.

4.5 MCD model validation

The employment of the MEC model allows the MCD
model to take into account the nonuniform magnetic
field distribution inside the RSTA. Compared with the
existing model [45] which homogenizes the magnetic
field distribution in calculation by using Eq. (32), the
accuracy of the proposed MCD model is not affected
by the variation of RSTA operating frequency.

H = N I

kclc
(32)

where N is the number of turns of the coil, I is the input
current, kc is the leakage coefficient of the magnetic
flux, and lc is the axial length of the coil.

As shown in Fig. 16, at a working frequency of 10
Hz, when the excitation current amplitude is 4A, 12A,

(a)

(b)

Existing model
MCD model

Fig. 17 Accuracy verification of the MCD model in hysteresis
calculation

14 A and 16 A, both the MCD model and the existing
model can accurately predict the output displacement
amplitude and hysteresis characteristics of the RSTA
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with a root-mean-square (RMS) error less than 1.74%.
When the operating frequencies are 200 Hz, 300 Hz,
400 Hz and 450 Hz under the excitation current of 4
A, the calculation results of the MCDmodel are highly
consistent with the experimental results, and the RMS
errors are 1.1µm (1.76%), 0.7684µm (1.23%), 0.7122
µm (1.19%) and 0.8649 µm (1.49%), respectively. In
contrast, theRMSerrors of the existingmodel are 2.577
µm (4.12%), 3.0955 µm (4.96%), 3.6487 µm (6.1%)
and 3.9357 µm (6.8%), respectively.

As shown in Fig. 17a, under a excitation current
of 4 A, the experimental hysteresis and the hysteresis
obtained by theMCDmodel simulation show the same
frequency correlation. The error of the MCD model in
the hysteresis calculation under different frequencies
is all fluctuates around 1 µm, as shown in Fig. 17b.
This is affected by the dynamic resolution (about 1
µm) of the eddy current displacement sensor (CZF-
2, Hangzhou Huarui Instrument Co., LTD, measuring
range:1 mm, dynamic resolution: 0.1%), so the dis-
placement measurement has an uncertainty of 1 µm.
Even the operating frequency is up to 550Hz, theMCD
model can accurately predict the hysteresis with an
error only 1.0484 µm (3.1%). Under the working fre-
quency of 0–550 Hz, the average error is only 4.16%.
But for the existing model, the average error reached
17.07%. By considering the internal magnetic field dis-
tribution characteristics of RSTA into dynamic model-
ing, the high-frequency characteristics of themodel can
be effectively improved.

5 Conclusion

Magnetostrictive actuators have the characteristics of
high bandwidth and high energy density, but the small
output stroke and the strong hysteresis nonlinearity
have become main obstacles to their further appli-
cations. Radial-nested stacked configuration enables
the amplification of stroke without sacrificing band-
width, but it also brings more serious asymmetric hys-
teresis nonlinearity which poses a great challenge to
theoretical modeling of the actuator. In this paper, in
order to describe the nonlinear dynamic characteris-
tics of the magnetostrictive actuator with radial-nested
stacked configuration and further promote its applica-
tions, a magnetic equivalent circuit (MEC) model is
established to describe the magnetic characteristic of
radial-nested stack; a nonlinear dynamic magnetiza-

tion model is proposed with the combination of MEC
model and Jiles-Atherton model; finally, by consid-
ering the multi-degree-of-freedom (MDOF) mechan-
ical dynamic system, a multiphysics comprehensive
dynamic (MCD) model was established. Based on the
MEC model, the magnetoresistance sensitivity analy-
sis of the actuator components was carried out. A mag-
netic field finite element model was established and a
prototype of radial-nested stacked Terfenol-D actuator
(RSTA) was fabricated, to verify the accuracy of the
proposed MEC model and MCD model, respectively.
The finite element simulation results and the experi-
mental results indicate that:

(1) The proposedMECmodel can accurately calculate
the magnetic flux density distribution of the radial-
nested magnetostrictive stack, the error less than
0.2%.

(2) The addition of magnetizer can effectively improve
themagnetic flux density of the radial-nested stack,
and the total magnetic flux density increased by
8.7%.

(3) Experimental results show that the output displace-
ment of the RSTA reaches 110 µm and the band-
width exceeds 500 Hz.

(4) The proposed MCDmodel can accurately describe
the dynamic hysteresis nonlinearity of the RSTA in
a wide frequency domain and a large stroke, with a
RMS error less than 1.76%.
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