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A B S T R A C T

Positioning stages are significant in precision technologies under higher demands of operation and manufactur-
ing. The performance of the selected guiding mechanisms is a decisive factor affecting the positioning accuracy
of the stage. To restrict the parasitic motions along the degrees of constraint during motion transmission,
a piezo-actuated compliant positioning stage with novel F-shaped linear guiding mechanisms (FLGM) is
developed in this paper to enable a precision motion. With a simple and compact structure, a single FLGM can
generate an approximate straight-line motion and enhance the transverse stiffness. Four FLGMs are arranged
symmetrically in parallel to theoretically eliminate the parasitic motions, bringing in the merits of a low
coupling rate and a wide bandwidth in the working direction. A stack piezoelectric actuator embedded in
a forward bridge-type displacement amplifier is utilized to drive the guided stage. Analytical modeling of
its kinematic, static, and dynamic characteristics is mathematically established by utilizing the pseudo-rigid-
body method, compliance matrix method, and Lagrange’s equation. Finite element analysis is conducted and
a fabricated prototype is experimentally tested, validating the veracity of the analytical models. Experimental
results show that the parasitic motion is constrained by the guiding mechanism effectively with a coupling
rate below 0.95%, and a high natural frequency of 856.9 Hz is achieved simultaneously.
1. Introduction

Precision positioning stages have been playing a crucial role in
precision technologies including operation, measurement, and manu-
facturing. They have been widely utilized in precision systems relating
to the fields of biomedical engineering [1,2], precision fabrication [3],
atomic force microscopy [4], robotics [5] and many more. Compli-
ant mechanism (CM) is the primary choice in precision positioning
stages as the motion transmission module owing to their distinctive
characteristics. CMs can be easily fabricated due to their monolithic
and miniaturized structure, with no need for assembly or lubrication,
and introduce no wear, backlash, or interstices [6]. In general, func-
tions of CMs can be classified into motion amplification [7,8], motion
guidance [9,10], motion decoupling [11–13], constant force/torque
adjustment [14–16], and so forth. The main focus of this paper is
the innovative conception of an F-shaped compliant linear guiding
mechanism for restricting parasitic motions.

✩ This paper was recommended by Associate editor Prof. R. Leach.
∗ Corresponding author at: School of Power and Mechanical Engineering, Wuhan University, Wuhan 430072, China.
E-mail addresses: lyt37729@whu.edu.cn (Y. Li), tilda.ye@connect.polyu.hk (T. Ye), meejling@nuaa.edu.cn (J. Ling), xhxiao@whu.edu.cn (X. Xiao),

fengzhao@whu.edu.cn (Z. Feng).

Linear guiding mechanisms are indispensable elements for position-
ing stages. In recent years, the research on guiding mechanisms has
attracted continuous interest in the field of CMs. A compliant linear
guide can be integrated with amplification mechanisms and actuators
to restrict the moving direction along the degrees of freedom (DOFs).
They are designed to decrease the inevitable parasitic motions along the
degrees of constraint (DOCs) produced by the amplifier, manufacturing
error, and misalignment. Their performances are largely determined by
the structural configuration. Generally, compliant linear guides can be
categorized according to guiding principles into parallelogram type and
straight-line motion-generating type.

Among multifarious compliant guiding mechanisms, mechanisms of
parallelogram type are the most commonly used for simplicity. The
conventional parallelogram mechanism will introduce a vertical par-
asitic movement which severely reduces the positioning accuracy [17].
Theoretically, the vertical parasitic motion can be counteracted by a
symmetrical double parallelogram structure or multistage compound
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parallelogram structure. The former symmetrically connects two paral-
lelograms in parallel to eliminate parasitic motion, while it will increase
the stress and decrease the motion range. The latter serially connects
several parallelograms to offset the parasitic motions and to enlarge
motion ranges, while the natural frequency will be greatly reduced.
Nguyen et al. proposed a compliant linear guide embedded symmetrical
double parallelogram mechanism to reduce the parasitic motion as
well as to enhance the structural rigidity [18]. Zhao et al. developed
a dual-stage fast tool servo by serially connecting two different dou-
ble parallelogram mechanisms actuated by two different piezoelectric
actuators (PEAs) to enhance the trajectory tracking performance [19].
Lyu and Xu devised an XY micropositioning stage based on triple-stage
compound leaf spring parallelograms, exhibiting a large workspace
up to 1.51 cm × 1.48 cm [20]. Gräcer et al. presented a serially
rranged compliant stage based on the 10-hinge double parallel mecha-
ism to reduce cross-axis coupling errors and space requirements [21].
urthermore, the parasitic motions of the conventional parallelogram
echanism can be compensated by replacing the rotational flexure
inges with cross-spring pivots [22].

To obtain better performances, compliant guiding mechanisms of
traight-line motion generating type have been proposed gradually.
he guided linear movements are generated by various straight-line
echanisms which can produce straight-line paths. Geometric linear-

ty with higher precision can be achieved by adopting straight-line
echanisms. Peaucellier–Lipkin mechanism and Hoeken’s linkage are

dapted to CMs for generating linear motion [23,24], but they lack
ompactness. Roberts mechanisms are also utilized to guide straight-
ine motion. Chen et al. adopted two compliant Roberts mechanisms
n a 2-DOF microgripper [25]. Wan et al. introduced a compliant XY
icropositioning stage based on the Roberts mechanism with parasitic
otion less than 1.7% of the motion stroke but a complex structure and
low natural frequency around 20 Hz [26].

In conclusion, the variety of configurations for compliant linear
uiding mechanisms is still insufficient, and there are common issues
f inadequate guiding performance, limited motion range, or small
andwidth. Previous studies have revealed the significance of compli-
nt linear guiding mechanisms. Pursuing better mechanical properties
f CMs cannot be overemphasized. The main challenges and goals
f designing a compliant linear guide are to minimize the parasitic
otions, improve the off-axis stiffness ratio, restrain maximum stress,

nd increase the natural frequencies for better dynamic performance.
n an effort to meet the requirements of high-end precision engineer-
ng equipment, this paper presents a novel F-shaped linear guiding
echanism based piezo-actuated compliant positioning stage, adopting

he straight-line motion generating method to restrict parasitic motion.
novel F-shaped compliant straight-line mechanism with a simple

nd compact structure is devised and utilized. The proposed linear
otion guide has lumped compliance with a novel configuration, which
ossesses ideal motion linearity, stability, and high bandwidth. A for-
ard bridge-type amplifier (BTA) is embedded to magnify the output
isplacement of the piezoelectric actuator. The analytical modeling
f the kinematics, statics, and dynamics is conducted through the
seudo-rigid-body model (PRBM) method, compliance matrix method
CMM), and Lagrange’s equation, respectively. The performances of
he compliant stage and the veracity of its analytical modeling will be
urther verified by finite element analysis (FEA) and experiments.

The remainder of this research is arranged as follows. The con-
iguration design will be first introduced in Section 2. The analytical
odeling will be performed in Section 3. Sections 4 and 5 provide

he FEA and experimental results and discussions. Finally, the overall
onclusions are given in Section 6.

. Mechanism design

PEA [27], voice coil motor [28] and normal-stressed electromag-
etic actuator [29] are the desirable options for driving the CMs
675
on various application scenarios. Among them, PEAs are the most
commonly used because of their merits of high stiffness, high natural
frequency, sufficient output force, quick response, and the ability to
work in environments with strong magnetic fields [27]. Amplification
mechanisms are frequently introduced to magnify the PEAs’ output
displacement because of their weakness of limited stroke. In this paper,
a stack piezoelectric ceramic actuator (SPCA) with a forward bridge-
type amplification mechanism is adopted for actuating the guiding
mechanism based compliant positioning stage.

The computer-aided design model of the proposed compliant po-
sitioning stage with linear guiding mechanisms is depicted in Fig. 1.
The stage is comprised of a forward BTA embedded with an SPCA
and four identical novel F-shaped straight-line guiding mechanisms,
with an overall size of 100 mm × 64 mm × 10 mm. The preload
screw is involved to generate a pre-tightening force required by the
actuator in a simple and effective way. The positioning stage is with
lumped compliance at its compliant joints. Basic beam flexure hinges
are adopted in the BTA for their small stiffness and double-notch right-
circular flexure hinges are adopted in the FLGM for their high motion
accuracy [30].

Unfavorable parasitic motion will be inevitably caused in the po-
sitioning process because of the intrinsic structural asymmetry and
working disturbances. The asymmetry will be caused by the limited ma-
chining operation precision and assembling misalignment. To improve
the stage’s positioning precision, the guided stage is expected to possess
a high off-axis stiffness ratio which is defined by the ratio of structural
stiffness along the DOCs to the stiffness along the DOF. A single FLGM
can generate an approximate straight-line motion at its output end
which will be proved in Section 3.1. Therefore, the symmetrical parallel
structure is chosen for the guiding modules to guide the linear motion
and counteract parasitic motion theoretically.

3. Analytical modeling

3.1. Kinematic modeling

The working principle of the adopted BTA and the proposed FLGM
is demonstrated in Fig. 2, which is provided by PRBM method. PRBM is
an equivalent rigid-body model of CMs to substitute rotary hinges with
torsional springs for the elastic flexures, while other parts are substi-
tuted by rigid rods. Once driven with a transverse input displacement
generated by the SPCA, the forward BTA will conduct an amplified
vertical output displacement along the forward direction which will
actuate the positioning stage moving along the DOF of the linear guide.
The input and output displacement of the guided stage are represented
by 𝑢𝑖𝑛 and 𝑦𝑜𝑢𝑡.

The bridge-type amplifier has been extensively addressed in pre-
vious research [31,32]. The kinematic model of the forward BTA is
illustrated in Fig. 2(a). The lengths of each pseudo-rigid rod 𝐹𝐺 and
𝐺𝐻 and their corresponding rotation angles are denoted by 𝑙1, 𝑙2 and
1, 𝜃2. The kinematic amplification ratio can be derived as:

=
𝑦𝑜𝑢𝑡
𝑢𝑖𝑛

=
2𝑙1 sin 𝛼 −

√

4𝑙12 sin
2 𝛼 − 𝑢𝑖𝑛2 − 4𝑙1 cos 𝛼𝑢𝑖𝑛
𝑢𝑖𝑛

(1)

which will be only decided by the input displacement 𝑢𝑖𝑛 when the
design parameters 𝑙1 and 𝛼 are both determined.

As for the FLGM, the geometric relations can be deduced from
Fig. 2(b). 𝐴,𝐵, 𝐶,𝐷,𝐸 are the rotation centers regardless of their
subtle draft during deformation. The lengths of each pseudo-rigid rod
𝐶𝐷,𝐴𝐵,𝐸𝐵 are represented by 𝑙3, 𝑙4, 𝑙5, and their rotation angles are
denoted by 𝜃3, 𝜃4, 𝜃5, respectively. In the initial position of FLGM, rod
AB is parallel to rod CD, and vertical to rod BE. What is more, hinge C is
at the middle point of rod BE. The length of rod BE is equal to the length
of rod AB which is half of the length of rod CD. For simplifying the

geometric equations, variable parameter 𝑎 was introduced to calculate
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Fig. 1. Schematic diagram of the compliant positioning stage with linear guiding mechanisms.
Fig. 2. Pseudo-rigid-body model for kinematic modeling of (a) the forward BTA, (b) a single FLGM.
Fig. 3. The approximate straight-line path generated by a single FLGM calculated by kinematic modeling. (a) The positions of the pseudo-rigid bars and the trajectory of the
slider, (b) The curvature of the trajectory.
the rods’ lengths: 𝑙3 = 4𝑎, 𝑙4 = 2𝑎, 𝑙5 = 2𝑎. The following equations can
be obtained:

⎧

⎪

⎪

⎨

⎪

⎪

𝑙4 sin 𝜃4 −
𝑙5
2 cos 𝜃5 = 𝑙3 sin 𝜃3 −

𝑙3
2

𝑙4 cos 𝜃4 +
𝑙5
2 sin 𝜃5 = 𝑙3 cos 𝜃3 − 𝑙3 + 𝑙4

𝑙4 sin 𝜃4 − 𝑙5 cos 𝜃5 + 𝑙5 = 𝑦𝑜𝑢𝑡.

(2)
676

⎩

To measure the straightness of the path of point E, its curvature
will be investigated. Establish a coordinate system at point A, then the
coordinate of E is:

⎧

⎪

⎨

⎪

𝑥𝐸 = 𝑙4 ⋅ cos 𝜃4 + 𝑙5 ⋅ sin 𝜃5 = 𝜑(𝜃4)

𝑦𝐸 = 𝑙5 ⋅ cos 𝜃5 − 𝑙4 ⋅ sin 𝜃4 = 𝜓(𝜃4).
(3)
⎩
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Fig. 4. Equivalent compliance spring model of (a) planar flexure hinges, (b) the guided compliant stage, (c) the BTA and the guiding module at central point O.
Combining (3) with (2) helps eliminating the variable 𝜃3 and 𝜃5.
Consequently, the curvature of the trajectory of endpoint E can be
calculated as a function of the solitary variable 𝜃4:

𝑘 =
𝜑′(𝜃4)𝜓 ′′(𝜃4) − 𝜓 ′(𝜃4)𝜑′′(𝜃4)

[

𝜑′2
(

𝜃4
)

+ 𝜓 ′2
(

𝜃4
)]3∕2

(4)

where 𝜑′, 𝜑′′, 𝜓 ′, and 𝜓 ′′ denote the first and second order derivatives
of function 𝜑(𝜃4) and 𝜓(𝜃4) with respect to 𝜃4.

The kinematic modeling results are presented in Fig. 3. When 𝜃4
ranges from −10◦ to 10◦, the curvature 𝑘 will keep below 0.016 in terms
of the kinematic analytical results. It is proved that the guiding module
can generate an approximate straight-line motion at its endpoint.

3.2. Static modeling

Static analysis is of great significance to the synthesis of CMs. It
reveals the relationship between the input force and the output dis-
placement of the compliant mechanism and will also contribute to the
theoretical modeling of the natural frequency. The following calcula-
tions are based on the assumption that elastic deformation only occurs
at the flexure hinges. Rods between the flexure hinges are deemed as
rigid linkages. Since the aforementioned PRBM method only considers
the rotary stiffness of flexure hinges, a compliance matrix method [33–
35] is employed to establish the static model which considers not only
bending moment but also axial force, shear force and their coupled
compliance. The compliance matrix method is considered to be an
effectual technique for modeling CMs with complex configurations,
obviating the need for inner-force analysis. The disadvantages of this
method lie in the fact that the input and output stiffness should be
modeled separately. It should be clarified that the input stiffness is
the force–displacement relation at the input point when the output is
blocked, and the output stiffness is the force–displacement relation at
the output end when the input port is deemed as rigid.

The adopted matrix method regards planar flexure hinges as three-
DOF spring joints which is illustrated in Fig. 4(a). Local coordinate
systems are located at the center of the free end of the flexure hinges.
The linear displacements at the free end of each flexure hinge along
𝑥 and 𝑦 directions are denoted as 𝛥𝑥 and 𝛥𝑦. The rotational angle
is denoted by 𝛥𝜃. The force and moment acting at the free end are
represented by 𝐹𝑥, 𝐹𝑦, and 𝑀𝑧.

The compliance matrix of a flexure hinge is written as:

𝐶𝑖 =

⎡

⎢

⎢

⎢

⎣

𝑐11 0 0

0 𝑐22 𝑐23
0 𝑐32 𝑐33

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

𝛥𝑥∕𝐹𝑥 0 0

0 𝛥𝑦∕𝐹𝑦 𝛥𝜃∕𝐹𝑦
0 𝛥𝑦∕𝑀𝑧 𝛥𝜃∕𝑀𝑧

⎤

⎥

⎥

⎥

⎦

= 𝐾−1
𝑖 (5)

where 𝑐23 = 𝑐32, and 𝐾𝑖 is the stiffness matrix of the flexure hinge.
The in-plane compliance parameters 𝐶𝑖𝑗 (𝑖, 𝑗 = 1, 2, 3) are given by
the material’s elastic modulus and its design parameters in accordance
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with Castigliano’s displacement theorem [36]. Then the displacement–
loading relationship at the free end in the local coordinate system of
the flexure hinge is:

⎛

⎜

⎜

⎜

⎝

𝛥𝑥

𝛥𝑦

𝛥𝜃

⎞

⎟

⎟

⎟

⎠

=

⎡

⎢

⎢

⎢

⎣

𝑐11 0 0

0 𝑐22 𝑐23
0 𝑐32 𝑐33

⎤

⎥

⎥

⎥

⎦

⎛

⎜

⎜

⎜

⎝

𝐹𝑥
𝐹𝑦
𝑀𝑧

⎞

⎟

⎟

⎟

⎠

. (6)

With the purpose of acquiring the input and output compliance of
the whole compliant mechanism, the compliance matrix 𝐶𝑖 at local
coordinate system 𝑂𝑖 should be transformed into a global coordinate
system 𝑂𝑗 quantitatively. In light of the homogeneous transformation
equation:

𝐶𝑗𝑖 = 𝑇 𝑗𝑖 𝐶𝑖
(

𝑇 𝑗𝑖
)𝑇

(7)

where the transformation matrix 𝑇 𝑗𝑖 is calculated by:

𝑇 𝑗𝑖 = 𝑅𝑗𝑖 ⋅ 𝑃
𝑗
𝑖 . (8)

The rotation matrices 𝑅𝑗𝑖 with respect to the x, y, and z axes and
position matrix 𝑃 𝑗𝑖 take on the following forms:

𝑅(𝑥, 𝛽) =

⎡

⎢

⎢

⎢

⎣

1 0 0

0 cos 𝛽 − sin 𝛽

0 sin 𝛽 cos 𝛽

⎤

⎥

⎥

⎥

⎦

, 𝑅(𝑦, 𝛾) =

⎡

⎢

⎢

⎢

⎣

cos 𝛾 0 sin 𝛾

0 1 0

− sin 𝛾 0 cos 𝛾

⎤

⎥

⎥

⎥

⎦

,

𝑅(𝑧, 𝜁) =

⎡

⎢

⎢

⎢

⎣

cos 𝜁 − sin 𝜁 0

sin 𝜁 cos 𝜁 0

0 0 1

⎤

⎥

⎥

⎥

⎦

(9)

𝑃 𝑗𝑖 =

⎡

⎢

⎢

⎢

⎣

1 0 𝑦𝑗𝑖
0 1 −𝑥𝑗𝑖
0 0 1

⎤

⎥

⎥

⎥

⎦

(10)

where (𝑥𝑗𝑖, 𝑦𝑗𝑖) represents the coordinate of point 𝑂𝑖 in the global coor-
dinate system 𝑥𝑦𝑂𝑗 , and 𝛽, 𝛾, 𝜁 denote the rotation angles counterclock-
wise from the local coordinate system 𝑥𝑦𝑂𝑖 to the global coordinate
system 𝑥𝑦𝑂𝑗 with respect to axis 𝑥, 𝑦, or 𝑧 respectively.

The overall stiffness model of the designed positioning stage is
shown in Fig. 4(b) and (c). Point 𝑂 lies in the center of the central
stage. Point 𝑁 is where the BTA and the stage are connected, and point
𝑀𝑖(𝑖 = 1, 2, 3, 4) are where the FLGMs and the stage are connected.
To derive the input and output stiffness of the whole guided stage,
compliance matrices of each module will be calculated as follows.

As for an FLGM, the local coordinates of each right-circular flexure
hinges 𝑥𝑦𝑂𝑖(𝑖 = 1,… , 5) and the global coordinate 𝑥𝑦𝑀 are depicted in
Fig. 5. Local compliance matrices of each flexure hinge are expressed by
𝐶𝑂𝑖(𝑖 = 1,… , 5). Then their global compliance matrices can be derived
by (7):

𝐶𝑀 = 𝑇𝑀𝐶
(

𝑇𝑀
)𝑇 . (11)
𝑂𝑖 𝑂𝑖 𝑂𝑖 𝑂𝑖
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Fig. 5. Coordinate systems and parameters for a single FLGM.
Fig. 6. Coordinate systems and parameters for BTA: (a) with respect to the output compliance, (b) with respect to the input compliance.
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Flexure hinges 𝑂2, 𝑂3 and 𝑂4, 𝑂5 are serially connected respectively,
hen these two branches are connected in parallel. Subsequently, the
arallel structure is serially connected to hinge 𝑂1. Therefore, the
quivalent compliance matrix of an FLGM with respect to endpoint M
an be calculated as
𝑀
𝑔 =

[

(

𝐶𝑀𝑂2 + 𝐶
𝑀
𝑂3

)−1 +
(

𝐶𝑀𝑂4 + 𝐶
𝑀
𝑂5

)−1]−1 + 𝐶𝑀𝑂1. (12)

As is illustrated in Fig. 4(b), the compliance matrix of the left part
f the linear guide consisting of two FLGMs with respect to center 𝑂 is
aken as:

𝑂
𝑔_𝑙𝑒𝑓 𝑡 =

[

(

𝑇𝑂𝑀1𝐶
𝑀1
𝑔

(

𝑇𝑂𝑀1
)𝑇

)−1
+
(

𝑇𝑂𝑀2𝐶
𝑀2
𝑔

(

𝑇𝑂𝑀2
)𝑇

)−1
]−1

(13)

here 𝑇𝑂𝑀1, 𝑇
𝑂
𝑀2 denote the translation matrix from the coordinate

ystem 𝑥𝑦𝑀1, 𝑥𝑦𝑀2 to 𝑥𝑦𝑂.
Due to the left–right symmetry of the linear guide, its compliance

t point O can be obtained by:

𝑂
𝑔𝑢𝑖𝑑𝑒 =

[

(

𝐶𝑂𝑔_𝑙𝑒𝑓 𝑡

)−1
+
(

𝑅 (𝑦, 𝜋)𝐶𝑂𝑔_𝑙𝑒𝑓 𝑡𝑅 (𝑦, 𝜋)𝑇
)−1

]−1
(14)

here 𝑅 (𝑦, 𝜋) is the rotation matrix from the left to the right section
alculated by (9).

As for the forward BTA, output compliance and input compliance
ill be derived respectively. Firstly, coordinate systems and structural
arameters with respect to the output compliance are depicted in
ig. 6(a). The global coordinate is attached to point 𝑁 . The calculation
678
rocedures are similar to the analytical static modeling of the guiding
odule aforementioned. The compliance of the left part of the BTA will

e first investigated. 𝐶𝑏𝑖 (𝑖 = 1,… , 4) represents the compliant matrix
f the prismatic flexure beams in their local coordinates. The output
ompliance of the left part 𝐶𝑁𝐵𝑇𝐴_𝑙𝑒𝑓 𝑡 can be calculated according to the
erial structure as:

𝑁
𝐵𝑇𝐴_𝑙𝑒𝑓 𝑡 =

4
∑

𝑖=1
𝑇𝑁𝑏𝑖 𝐶𝑏𝑖

(

𝑇𝑁𝑏𝑖
)𝑇 . (15)

Then the compliance of the whole BTA at point 𝑁 can be derived
as:

𝐶𝑁𝐵𝑇𝐴 =
[

(

𝐶𝑁𝐵_𝑙𝑒𝑓 𝑡

)−1
+
(

𝑅 (𝑦, 𝜋)𝐶𝑁𝐵_𝑙𝑒𝑓 𝑡𝑅 (𝑦, 𝜋)𝑇
)−1

]−1
. (16)

The BTA and the linear guide are connected in parallel as shown in
Fig. 4(c), hence the compliance matrix of the whole stage at the central
point 𝑂 is finally derived as:

𝐶𝑂𝑠𝑡𝑎𝑔𝑒 =
[

(

𝐶𝑂𝑔𝑢𝑖𝑑𝑒
)−1

+
(

𝑇𝑂𝐴 𝐶
𝑁
𝐵𝑇𝐴

(

𝑇𝑂𝐴
)𝑇

)−1
]−1

. (17)

Therefore, the output stiffness of the positioning stage is:

𝑘𝑜𝑢𝑡 =
(

𝐶𝑂𝑠𝑡𝑎𝑔𝑒(2, 2)
)−1

. (18)

Secondly, when considering the input stiffness, only one-quarter of
the BTA is analyzed as can be seen in Fig. 6(b). 𝐹𝑃𝑥 denotes the input
force from the actuator and 𝐹 represents the load force applied by the
𝑁𝑦
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linear guide. Assuming that the output end 𝑁 is fixed, the compliance
of left-down structure at the input point P can be calculated as:

𝐶𝑃 = 𝑇 𝑃𝑃 1𝐶𝑃 1
(

𝑇 𝑃𝑃1
)𝑇 + 𝑇 𝑃𝑃 2𝐶𝑃2

(

𝑇 𝑃𝑃2
)𝑇 . (19)

Then, combined with static equilibrium conditions, the linear and
angular deflections at the input point P can be generated as the follow-
ing equations:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢𝑃𝑥 = 𝐶𝑃 (1, 1)𝐹𝑃𝑥 + 𝐶𝑃 (1, 2)𝐹𝑁𝑦 + 𝐶𝑃 (1, 3)𝑀𝑃𝑧

𝑢𝑃𝑦 = 𝐶𝑃 (2, 1)𝐹𝑃𝑥 + 𝐶𝑃 (2, 2)𝐹𝑁𝑦 + 𝐶𝑃 (2, 3)𝑀𝑃𝑧

0 = 𝐶𝑃 (3, 1)𝐹𝑃𝑥 + 𝐶𝑃 (3, 2)𝐹𝑁𝑦 + 𝐶𝑃 (3, 3)𝑀𝑃𝑧.

(20)

Moreover, the relationship between the load and deflection along 𝑦
axis at point 𝑁 can be generated from the linear guide:

⎧

⎪

⎨

⎪

⎩

𝐶𝑁𝑔𝑢𝑖𝑑𝑒 = 𝑇𝑁𝑂 𝐶
𝑂
𝑔𝑢𝑖𝑑𝑒

(

𝑇𝑁𝑂
)𝑇

2 ⋅ 𝑢𝑃𝑦 + 𝐶𝑁𝑔𝑢𝑖𝑑𝑒 (2, 2) ⋅ 2𝐹𝑁𝑦 = 0.
(21)

In addition, let 𝑢𝑖𝑛, 𝐹𝑖𝑛 denote the elongation and actuating force of
the SPCA. For the whole BTA, there are the following relationships:

⎧

⎪

⎨

⎪

⎩

𝑢𝑖𝑛 = 2 ⋅ 𝑢𝑃𝑥

𝐹𝑖𝑛 = 2 ⋅ 𝐹𝑃𝑥.
(22)

Finally, recall (20) and (21), the input compliance of the stage can
be obtained as:

𝑐𝑖𝑛 =
𝑢𝑖𝑛
𝐹𝑖𝑛

=
𝑢𝑃𝑥
𝐹𝑃𝑥

= 𝐶𝑃 (1, 1) −
𝐶𝑃 (1, 3)𝐶𝑃 (3, 1)

𝐶𝑃 (3, 3)

+
(

𝐶𝑃 (1, 2) −
𝐶𝑃 (1, 3)𝐶𝑃 (3, 2)

𝐶𝑃 (3, 3)

)

×
𝐶𝑃 (2, 1)𝐶𝑃 (3, 3) − 𝐶𝑃 (2, 3)𝐶𝑃 (3, 1)

𝐶𝑃 (2, 3)𝐶𝑃 (3, 2) − 𝐶𝑃 (2, 2)𝐶𝑃 (3, 3) − 𝐶𝑃 (3, 3)𝐶𝑁𝑔𝑢𝑖𝑑𝑒(2, 2)
(23)

from which the input stiffness 𝑘𝑖𝑛 = 1∕𝑐𝑖𝑛 can be derived.
Accordingly, the amplification ratio of this whole stage can be

derived by:

𝐴𝑠 =
2𝑢𝑃𝑦
𝑢𝑖𝑛

=
𝑢𝑃𝑦
𝑢𝑃𝑥

=
𝐶𝐴𝑔𝑢𝑖𝑑𝑒(2, 2) ⋅

(

𝐶𝑃 (2, 3)𝐶𝑃 (3, 1) − 𝐶𝑃 (2, 1)𝐶𝑃 (3, 3)
)

𝑐𝑖𝑛
(

𝐶𝑃 (2, 3)𝐶𝑃 (3, 2) − 𝐶𝑃 (2, 3)𝐶𝑃 (3, 3) − 𝐶𝑃 (3, 3)𝐶𝐴𝑔𝑢𝑖𝑑𝑒(2, 2)
) .

(24)

3.3. Dynamic modeling

Dynamic characteristics of CMs have attracted a lot of interest from
researchers owing to their extended applications which demand high
speeds and high frequencies. Theoretical calculation of the natural fre-
quency is indispensable for future optimization and controllers’ design.
To describe the free vibration in the actuation direction of the guided
stage, Lagrange’s equation combined with PRBM and lumped mass
method is utilized for dynamic modeling of the guided stage. The mass
of flexure hinges is neglected because of their miniature sizes. Mass
distribution is exhibited in Fig. 7. 𝑚𝑖, 𝑇𝑖, 𝐽𝑖(𝑖 = 1, 2,… , 6) represent the
mass, kinetic energy, and rotational inertia of the rigid linkages in the
compliant stage respectively. The generalized coordinate is selected as
the input displacement 𝑢𝑖𝑛.

Combined with kinematic modeling conducted in Section 3.1, ki-
netic energy can be easily derived by the following equation:

𝑇𝑖 =
1
2
𝑚𝑖𝑣

2
𝑖 +

1
2
𝐽𝑖𝜃̇

2
𝑖 (25)

where 𝑣𝑖 and 𝜃𝑖 denote the velocity and rotation angle of the 𝑖th rigid
rod at the mass center.
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Fig. 7. Dynamic model scheme of the positioning stage with linear guide.

For the BTA, the kinetic energies can be derived as

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑇11 =
1
2𝑚1 ⋅ 𝑣112 +

1
2𝐽1 ⋅ 𝜃1

2 = 1
24𝑚1𝐴𝑠2 ̇𝑢𝑖𝑛2

𝑇12 =
1
2𝑚1 ⋅ 𝑣122 +

1
2𝐽1 ⋅ 𝜃1

2 = 1
96𝑚1

(

3 + 𝐴𝑠2
)

̇𝑢𝑖𝑛2

𝑇2 =
1
2𝑚2𝑣22 =

1
8𝑚2𝐴𝑠2 ̇𝑢𝑖𝑛2

𝑇𝐵𝑇𝐴 = 2
(

𝑇11 + 𝑇12 + 𝑇2
)

.

(26)

For the FLGM, the kinetic energy can be deduced as:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑇3 =
1
2𝑚3 ⋅ 𝑣32 +

1
2𝐽3 ⋅ 𝜃3

2 = 1
6𝑚3𝐴𝑠2 ̇𝑢𝑖𝑛2

𝑇4 =
1
2𝑚4 ⋅ 𝑣42 +

1
2𝐽4 ⋅ 𝜃4

2 = 1
6𝑚4𝐴𝑠2 ̇𝑢𝑖𝑛2

𝑇5 =
1
2𝑚5 ⋅ 𝑣52 =

1
2𝑚5𝐴𝑠2 ̇𝑢𝑖𝑛2

𝑇𝑔𝑢𝑖𝑑𝑒 = 4
(

𝑇3 + 𝑇4 + 𝑇5
)

.

(27)

For the central stage, the kinetic energy is:

𝑇6 =
1
2
𝑚6 ⋅ 𝑣6

2 = 1
2
𝑚6𝐴𝑠

2 ̇𝑢𝑖𝑛
2. (28)

As a result, the kinetic energy of the entire compliant stage is
derived by:

𝑇 = 𝑇𝐵𝑇𝐴 + 𝑇𝑔𝑢𝑖𝑑𝑒 + 𝑇6

= 1
16
𝑚1 ̇𝑢𝑖𝑛

2 +
( 5
48
𝑚1 +

1
4
𝑚2 +

2
3
𝑚3 +

2
3
𝑚4 + 2𝑚5 +

1
2
𝑚6

)

𝐴𝑠
2 ̇𝑢𝑖𝑛

2.

(29)

Based on the virtual work principle, the potential energy of the
mechanism can be obtained as:

𝑉 = 1
2
𝑘𝑖𝑛𝑢𝑖𝑛

2. (30)

Substituting the total kinetic energy (29) and total potential energy
(30) into Lagrange’s equation:

𝑑
𝑑𝑡

(

𝜕𝑇
𝜕 ̇𝑢𝑖𝑛

)

− 𝜕𝑇
𝜕𝑢𝑖𝑛

+ 𝜕𝑉
𝜕𝑢𝑖𝑛

= 𝐹 (31)

where 𝐹 = 0 under free vibration circumstances. Thus the dynamic
equation describing a free motion of the stage is derived as:

𝑚𝑒 ̈𝑢𝑖𝑛 + 𝑘𝑖𝑛𝑢𝑖𝑛 = 0 (32)

where 𝑚𝑒 represents the equivalent mass and can be obtained by:

𝑚𝑒 =
𝜕𝑇
𝜕 ̇𝑢𝑖𝑛

1
̇𝑢𝑖𝑛

= 𝜕𝑇
𝜕 ̇𝑢𝑖𝑛

⋅
1
̇𝑢𝑖𝑛

= 1
8
𝑚1 +

( 5
24
𝑚1 +

1
2
𝑚2 +

4
3
𝑚3 +

4
3
𝑚4 + 4𝑚5 + 𝑚6

)

𝐴𝑠
2. (33)
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Table 1
Design parameters for the guided stage.

Parameter Value Parameter Value Parameter Value Parameter Value

t 0.7 mm R 1 mm 𝑡𝑏 0.5 mm 𝑙𝑏 1.2 mm
𝛼 11◦ 𝑙1 6.3 mm 𝑙2 12 mm a 7.6 mm
c 6 mm d 6 mm e 6.35 mm w 10 mm
Fig. 8. Results of static FEA with an input displacement of 20 μm: (a) directional deformation in actuation direction, (b) von-Mises equivalent stress.
Finally, the natural frequency of the guided stage can be described
as:

𝑓 = 1
2𝜋

√

𝑘𝑖𝑛
𝑚𝑒

(34)

where the input stiffness 𝑘𝑖𝑛 is the inverse value of the input compliance
calculated by (23).

4. Finite element analysis

To verify the results calculated by theoretical modeling, FEA is con-
ducted via ANSYS Workbench software. The main design parameters
of the stage are listed in Table 1 where 𝑤 denotes the out-of-plane
thickness. The material of the mechanism is chosen as aluminum alloy
(AL7075-T6) and its physical parameters are Density = 2810 kg/m3,
Young’s modulus = 71.7 GPa, Poisson’s ratio = 0.33, and Yield strength
= 503 MPa.

4.1. Kinematic and static simulation

Through static FEA, directional deformation behavior and von-
Mises equivalent stress of the stage are acquired with a total input
displacement 𝑢𝑖𝑛 of 20 μm, as depicted in Fig. 8(a) and (b). The static
simulation shows that the output displacement of the stage along the
guiding direction and lateral direction are 77.162 μm and 0.415 μm,
which indicates an excellent guiding ability with 0.54% cross-axis
displacement rate. The slight parasitic motion is probably caused by
the inhomogeneous mesh deducing from the unilateral preload screw
hole on the BTA and the numerical calculation error. Meanwhile, the
simulated amplification ratio can be obtained as 3.858. The simulated
maximum equivalent stress is 119.21 MPa, which occurs at the flexure
hinge with maximal rotation angle, meeting the material’s strength
condition.

Output displacements of the forward BTA and the guided stage
concerning a series of input displacements ranging from 2 to 20 μm are
also simulated by static FEA. The simulated results and the analytical
results calculated by Eqs. (1) and (24) are plotted in Fig. 9. It can be
observed that the amplification ratios given by the analytical modeling
overestimate the simulation amplification ratios. And the compliance
matrix method possesses a much higher kinematic and static modeling
accuracy than the PRBM with respect to the amplification ratio. The
discrepancies are probably caused by the practical deformation that
exists in the rods considered rigid in the analytical modeling process.
680
Table 2
Kinematic, static, and dynamic performances of the guided stage.

Performance 𝑘𝑜𝑢𝑡 (N/μm) 𝑘𝑖𝑛 (N/μm) 𝐴𝑠 𝑓1 (Hz)

Analytical 1.288 13.618 3.991 961.4
FEA 1.327 14.197 3.858 1171.1
Deviationa (%) 2.94 4.08 3.45 17.9
Experiments / / 3.792 856.9

a Deviation between analytical values and FEA values.

Table 3
Simulation results of the first-six order natural frequencies of the guided stage.

Mode 1 2 3 4 5 6

Frequency (Hz) 1173.1 2706.6 2865.1 3284.1 3657.9 5474.6

In addition, to acquire the output stiffness and input stiffness of
the stage, constant forces of 100 N are loaded at the output end and
input end, respectively. Then the results are calculated as 1.327 N/μm,
14.197 N/μm. The deviation of kinematic and static analytical results
regarding the simulation is all within 4.08%, indicating the veracity of
the aforementioned theoretical modeling. The results are tabulated in
Table 2.

4.2. Dynamic simulation

Modal simulation is performed to validate the feasibility of the
design. The simulated first four modal shapes are shown in Fig. 10 and
first-six order resonant frequencies are listed in Table 3. The first modal
shape is the translation along the guiding axis with a natural frequency
of 1173.1 Hz, which is higher than the analytical result. It is probably
caused by the influence of the condition and meshing setting of the FEA.
It can be observed that the second-order natural frequency is more than
twice of the first mode, which verifies that the stage has one degree of
freedom and ideal dynamic characteristics.

5. Experimental verification

5.1. Experimental setup

The prototype of the proposed guided stage has been fabricated
using AL7075-T6 by the wire electrical discharge machining (WEDM)
as shown in Fig. 11(a). The schematic diagram of the experiment
system is shown in Fig. 12 where Simulink Real-Time is employed.
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Fig. 9. Comparison of simulation and analytical results of output displacements of (a) solitary BTA module and (b) whole guided positioning stage.

Fig. 10. First four modal shapes of the stage simulated by modal FEA: (a) first mode, (b) second mode, (c) third mode, (d) fourth mode.

Fig. 11. Prototype of the proposed guided stage. (a) Guided stage fabricated by WEDM, (b) Experiment setup.
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Fig. 12. Schematic diagram of the experiment system.
Fig. 13. Experimental results of experimental displacement test: (a) input trapezoidal signal, (b) output displacements of the guided stage, (c) lateral coupled displacement.
The host computer and target machine are connected by a network
cable. The compliant guided stage is inserted with a piezoelectric stack
(PSt 150/5 × 5/20H from COREMORROW, Inc.) which can generate a
nominal displacement of 20 μm under 150 V input voltage. The output
displacements along guiding and lateral direction are synchronously
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measured by two different laser sensors LK-H025 (Keyence) and LK-
H008 (Keyence), respectively. The orthogonal arrangement of sensors
is illustrated in Fig. 11(b). LK-H025 has a measurement range of ±3 mm
and a repeatability of 20 nm, while LK-H008 has a measurement
range of ±0.5 mm and a repeatability of 5 nm. A signal generator
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Fig. 14. Experimental results of output–input displacement steady-state test (open control): (a) output displacement in guiding direction, (b) lateral coupled output displacement,
c) displacement coupling rate.
DAQ PCI-6289 from National Instrument) is installed on the target
achine via PCI bus to generate 0–10 V control signals and to read

ut data from the laser sensors. A power amplification module (E03.00
rom COREMORROW, Inc.) with a voltage amplification ratio of 12 is
tilized to magnify the control voltage and actuate the SPCA.

.2. Experimental tests

Experimental tests are conducted to verify the properties of the de-
igned guided stage. Firstly, a series of trapezoidal voltage signals with
ifferent maximum voltages are applied to the piezoelectric actuator
s plotted in Fig. 13. The input trapezoidal signals and results from
aser sensors are recorded. For example, when the maximum input
oltage is set as 96 V as shown in Fig. 13(a), it can be observed
hat the output displacements of the guided stage along the guiding
irection and lateral direction are 37.261 μm and 0.272 μm respectively.
he corresponding input displacement is about 10.35 μm under the

influence of stiffness coupling of the compliant stage and the SPCA.
Hence the displacement amplification ratio and coupling rate can be
calculated as 3.60 and 0.73% in this circumstance. From these steady-
state experimental results, the displacement amplification ratio of the
fabricated prototype can be further investigated. The relationship be-
tween the output and input displacement is illustrated in Fig. 14. A
linear fitting relation of the output–input characteristic in the guiding
direction is obtained with a slope of 3.792, which can be deemed as
the experimental displacement amplification ratio of the stage. And the
observed average cross-axis coupling rate is 0.50%, which confirms the
guiding property.

Secondly, a 1 Hz sine-wave signal with incremental amplitude is
input to the SPCA, as shown in Fig. 15(a). The displacement tracking
results and the hysteresis curve are obtained and depicted in Fig. 15(b),
(c), and (d). Due to the intrinsic nonlinearity and creep properties of
the piezoelectric actuators, the hysteresis of the stage exists under an
open-loop system. The maximum displacements of the guiding axis
and coupled axis are 101.3 μm and 0.35 μm, which indicate a dynamic
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cross-coupling rate of around 0.35%. Finally, a sine-swept signal with
a peak-peak amplitude of 12 V and a frequency increasing from 10 to
1200 Hz is exerted on the SPCA. It is found that the first-order natural
frequency of the prototype is 856.9 Hz, which is smaller than both
analytical and simulation results and close to the analytical results.

5.3. Performance evaluation and discussion

Overall, the experimental results validate the veracity and efficacy
of the theoretical modeling and the proposed guided stage. It can be
observed that the natural frequency calculated by FEA overestimates
the theoretical and experimental result, which is probably caused by
the impact of the actuator and its preloading bolt that is overlooked in
FEA simulation. Moreover, the discrepancy between the experimental
and simulated amplification ratio may arise from manufacturing toler-
ance and measurement errors. In addition, to improve the repeatability
and positioning precision of the proposed stage, a closed-loop control
strategy can be designed and applied in the future.

The performances of the proposed stage and previous advanced
studies on compliant guided stages are compared in Table 4. The results
show that the proposed guided stage exhibits a moderate amplification
ratio and travel range. An adequate cross-axis coupling rate which
proves the good guiding ability of the proposed mechanism is veri-
fied. Moreover, the proposed stage possesses a high first-order natural
frequency which is significant for the dynamic characteristics and high-
speed applications. Also, the proposed FLGM can be easily combined
with other types of actuators and displacement amplifiers to achieve
precision positioning for multifarious applications.

6. Conclusions

This paper proposes a novel design of a piezo-actuated compliant
positioning stage composed of a forward bridge-type displacement am-
plifier and a linear guiding mechanism. A novel F-shaped straight-line
mechanism with a simple and compact structure is devised and utilized
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Fig. 15. Experimental results of hysteresis test: (a) input sine-wave signal, (b) output displacement in guiding direction, (c) the hysteresis curve in guiding direction, (d) the
hysteresis curve in coupled direction.
Table 4
Comparisons with previous studies.

Studies D.o.F 𝑓1 (Hz) Amplification ratio Dimensions (mm3) Travel range (μm) Coupling rate

[26] 2 18.6 1 244 × 244 × – 12400 & 12 200 1.57% & 1.66%
[37] 2 570 5.2 & 5.4 165 × 145 × 18 31.5 & 31.5 1%
[18] 1 265.5 3.0001 90 × 150 × 10 51.9 –
[38] 2 483 5.14 & 5.36 142 × 142 × 10 40.2 & 42.9 0.58%
[9] 1 129.72 1 100 × 100 × 5 5580 0.31%
[39] 2 278.9 3.16 150 × 150 × 30 120 & 120 0.65%
This work 1 856.9 3.792 100 × 64 × 10 75.84 0.95%
in the linear guide to restrict parasitic motion and enhance positioning
accuracy. The analytical kinematic modeling is conducted based on
PRBM to certify the function of an FLGM to generate an approximate
straight-line motion. Output stiffness, input stiffness, and amplification
ratio of the guided stage are obtained through static modeling estab-
lished by the compliance matrix method. First-order natural frequency
is calculated via dynamic modeling derived from Lagrange’s equation.
Furthermore, FEA simulation studies are undertaken to evaluate the
performances of the proposed stage. FEA results confirm the accuracy of
the theoretical modeling with slight deviation. The compliant stage has
been fabricated by WEDM and tested by experiments. The experimental
results indicate that the guided stage exhibits an amplification ratio
of 3.792, a cross-axis coupling rate below 0.95%, and a high natural
frequency of 856.9 Hz. It is verified that the proposed mechanism can
meet the requirements of reducing the parasitic motion thus demon-
strating a new prototype of high precision linear guide. Future work
may involve structural optimization and closed-loop precision control
experiments for more applications.
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